








THE ANNALS 


of 


| MATHEMATICAL 
| STATISTICS 
| 
| 


Printed in U. S. A. 
| Copyright 1932 


B 
Sk 










Published and Lithoprinted by 
EDWARDS BROTHERS, INC. 
ANN ARBOR, MICH. 





—— -_— -_ 





a 


—~¢ 

















THE ANNALS OF 
MATHEMATICAL STATISTICS 


VOL. 4 AUGUST, 1933 NO. 3 





CONTENTS 


Polynomial Approximation by the Method of Least Squares 155 
H. T. Davis 


The Precision of the Weighted Average . . . . . . 196 


H. Milicer Grusewska 


On Certain Rnieatige § Between nF and Be For the Point 
Binomial , * . 21 


Margaret Merrell 


Note on the Computation and Modification of Moments event 
torial ) _* = & 


H. C. Carver 








PUBLISHED QUARTERLY BY 
AMERICAN STATISTICAL ASSOCIATION 
Publication Office—Edwards Brothers, Inc., Ann Arbor, Michi 
Business Office—530 Commerce Bldg., New York Univ., New co A 


Entered as second class matter at the Postoffice at Ann Arbor, Mich., 
under the Act of March 3rd, 1879. 








EDITORIAL COMMITTEE 


H. C. Carver, Editor 
R. S. Sekhon, Assistant Editor 


elssociate Editors 
Burton H. Camp 
Robert Henderson 
Harold Hotelling 
Henry Lewis Rietz 
Henry Schultz 


J. W. Edwards, Business Manager 


A quarterly publication of the American Statistical Association, 
devoted to the theory and application of Mathematical Statistics. 


Six dollars per annua. 


Reprints of any article in this volume may be obtained at any time 
from the Editor at the following rates, postage included. 


Number of copies Cost per page 


1- 4 , ; 2 scents 
5-24 , ; 1'4% cents 
25-49 ; ; 1 cent 
50 and over... 44 cent 


ApprFss: Editor, Annals of Mathematical Statistics 
Post Office Box 171. Ann Arbor, Michizan 


a 


— 


2 Qe 








POLYNOMIAL APPROXIMATION BY THE 
METHOD OF LEAST SQUARES 


By H. T. Davis 


1. Introduction. In an earlier article in the Annals of Math- 
ematics the author in collaboration with V. V. Latshaw published 
formulas and tables for the fitting of polynomials to data by the 
method of least squares. In that paper two ranges of the inde- 
pendent variable were considered, one from v=/ to x-p , 
and the other from x~=-p to xz . For the first-range formulas 
were given for fitting polynomials of first, second and third de- 
grees to data and these formulas were reduced to tables. For the 
second range formulas were given for polynomials from the first 
to the seventh degrees, but these formulas were not then reduced 
to tables. 

It is the purpose of the present paper to supply the tables 
for the second range and hence to furnish a means of reducing 
to a minimum the numerical labor involved in fitting to data poly- 
nomials from the first to the seventh degree inclusive. Incidentally 
some novel mathematical aspects of the problem of polynomial 
approximation have been brought to light, particularly as it ap- 
plies to the existence of a set of polynomials which are orthogonal 
for a summation over discrete intervals. 

The tables have been computed in the statistical laboratory of 
Indiana University and have been checked by duplicate calcula- 
tion. The computation has been made possible by grants of funds 
by the Waterman Institute of the University. The author is par- 
ticularly indebted to Dr. V. V. Latshaw, Miss Irene Price, Byron 
Shelley, George Davis, and Miss Anna Lescisin for the work 
which they have done in connection with the various computations 


of this paper. 


1Volume 31 (1930), pp. 52-78. 
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2. Formulas. Let us first consider the data to be given as 
a set of equally spaced items: 





in which we assume that the ditference x ce? ~% IS Constant. 

If x77 is an odd number, 777=Zo+/, we select zero as the 
center of the x -range and without loss of generality we replace 
the table just given by the following: 















Yi séMeo J-pelo-:: ¥-7 Na a? ** Bae 
OO aittnccat 0 2. af 





RP 
(1) Mp= 2 oy, r=OL2,--:, 77. 


If 7 is an even number, 77=2, we must make a slight 
change in the notation and consider the distribution, 





The 7-4 moments, /7,, , will be correspondingly equal to, 


p 
M, = GYE, (2s-1)" f y+ Ft), }. 


The method of least squares is then employed as described 
in the previous paper to determine the coefficients of the poly- 


nomial, 


777 
(2) yoQr+a,x SF gte P+ ++ + @,,% , 77=1,4,°+,7. 


It will be unnecessary to repeat the explicit formulas obtained 


since they have been given in the previous paper, but it: will be 
useful in explanation of the notation of the tables to give the fol- 
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lowing determination of the coefficients as linear functions of 
the moments ? 
1. The straight line, yra,+a,x. 


M, JIM, ‘ 
3 a Sl 
(3) a (2p+1) c 7 Plp+lNZort) : 


2. The parabola, Y= @+ @,x%+@,x2 


a = AM, + BY, . . 
(4) @, determined from (3). 
Ze = BM, +CM, ‘ 


3. The cubic, y= @,+@,%+@Q,%“4+a,4 7%, 


a, -A'M,+BM,, 


@, and q@, determined from (4). 
a, = B'M,+C7%,, 


(5) 


4. The quartic, y=@,+@,«+ Q,X% a,x %4ax Ft 


a,=AM, + BM, +CM,, 
(6) @=S/4 +L + EM, a, and @y determined from (5). 
@,= CM, + £/0,+ FQ, 


5. The quintic, ¥* Lo 4*2,x +2,%~4 2,4 4aactgat 


a,=A,+ B/L+C ZG, 
(7) @=Bl4+D/4+E 74, g,a,and @, determined from (6). 
Qs =CVL +E 1+ FM, 


— 2 3 4 5, 
6. The sextic, y= Qj +a, + Q,X*+ Q,X +d XA, BGK 


“The notation follows that of the previous paper, It should be noted 
that the coefficients 4, 8, C, etc. for the straight line, the parabola, 
the quartic, and the sextic, and the coefficients A’, B C% etc. for the 
cubic, the quintic, and the septic are all given by different formulas, but 
it is hoped that the omission of subscripts denoting the degrees of the poly- 
noraials will lead to no confusion, 
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@,=AM, + D+ CM, + OM, A 
a@,=D,+EM,+/M, +G/15, 


(8) a,,@,and @, determined 
G,=CV1, +f, + HM, +1, from (7). 
ag =0M, + GM, +I Mg +//Qg,, 

7. The septic, Y= @g r+ @ye + @gX*4+Qz,XF +2, % * 


Qa, xte ax Fy a,x’, 


a, -4AM, +B, +CM, +Dz, 


a= BM+ £4, +6 M1, +O Tp, @>, 2>, Cg 
(9) and zg determined 
a= CM, +F + HM, +L yp, from (8). 


a7=D, +74, +I’, +/S Mz, 


3. Orthogonal Polynomials. In a paper the significance of 
which has perhaps never been fully appreciated, J. P. Gram in 
vestigated the problem of polynomial approximation over discrete 
intervals by means of orthogonal polynomials. This method has 
since been more fully investigated by Edward Condon‘ and his 
work was made the basis of a method for obtaining least squares 
polynomials by R. T. Birge and J. D. Shea.’ The work of the 
latter, however, while effecting a simplification, does ‘not reduce 
the problem to. its simplest form. 

In a recent paper issued by the Hungarian National Commit- 
tee “on Economic Statistics, Karl Jordan has employed orthogonal 
functions in connectior with binomial moments and has very 

3Uber die Entwickelung reeller Functionen in Reihen mittelst der 
Methode der kleinsten Quadrate. Journal fiir Math., vol. 94 (1883), pp. 
: dae Rapid Fitting of a Certain Class of Empirical Formulae by the 
Method of Least Squares. Univ. of California Publications in Mathematics, 
vol. 2 (1927), pp. 55-66. 


5A Rapid Method for Calculating the Least Square Solution of a 
Polynomial of any Degree. Jbid., pp. 67-118. 
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greatly simplified the numerical work of curve fitting. The poly- 
nomials which he employs, however, appear in the form, 


Y= Qt @X4+Q,x(4-L) +a, x (2-LY 20-2 )b +++ 2 


although in the final result they are numerically equivalent to the 
polynomials of the present paper. 
Let us begin with a set of polynomials, 


d,, (40), bs (0), B,C), +++, byy Cod 


of degrees O22 -++ »77 respectively such that, 


2? 
Z 6,7) £,[x)=O, for s#z. 


x=- 


Assuming the existence of such a set of polynomials we can 
approximate by means of them a function 74/%) which is defined 
over the set of integers from -o to, . 

Writing the approximation equation, 


(10) 4a)= Ay D4) +Ay by (t)t- + Ary Dy (4), 


we multiply by b. (and sum from -f to p . We then obtain, 


2? p 
(11) ~ F(2) Lp (4) = ApS,  , where Pe OC). 


If we represent the polynomial g, @/by the series, 


A, (5) b+ B ar gy xte tb x7, 


‘See Berechnung der Trendlinie auf Grund der Theorie der kleinsten 
Quadrate, Budapest (1930) and Praktische Anwendung der Trendberech- 
nungs-Methode von Jordar, by A. Sipos, Budapest (1930). 
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it is clear from the definition of the moments (1) that we get 
from (10) the evaluation, 


‘ 
(12) Ap=Z be Gf Sp 


That these coefficients are identifiable with those explicitly 
given in equations (3) to (9) is a consequence of the following 
consideration : 


Let us approximate 7/%) by minimizing the following sum: 


2 2 
Jz | We), 0 (00)- A, bye) = =~ Ary by, C=) 2 
%=-2 - 

which is equivalent in its result to the somewhat different method 
employed in the actual determination of the formulas (3) to (9). 


Taking the derivative of / with respect to A,and equating 
the result to zero we get, 


. 7 
LE [We) bn 4)-E, Ag Bp (4) by (%)\ = 2 ; 


whence, recalling the orthogonality of the polynomials, 
” . 
(13) An= E 4G) b, C2) / Sp . 


We thus see that the ratios %, /> can be written down ex- 
plicitly by comparing them with the corresponding coefficients of 
/, in equations (3) to (9). 

In particular, if -=77, we find the coefficients of the poly- 
nomial g_ () by equating the right member of (13) with the 
corresponding last row in the formulas (3) to (9). For example, 











ree 
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if 7-5 , we have, 
(OTT, + b+ 


g, 
SS 1 
Hence we get, 
#-C5, 6-F5 8:75 4-420 
By means of this identification we obtain as the first seven 
polynomials the following :’ 


6, (=LH2p+l) =A, 
G, (x)= 3x) p(prl N 2 p+t)= Ax, 
3.54 2 Pip) 
9, (%)= fie Taal 3 }. C248, 


Opr+sp-t)s Lx 
4, ()- (SpeDa L(A p- SW ipaNoa Ne Senay * xB, 


Ao) eat =e 
eo 4p(p*- — _ We prFHNp+2) 


{x*.Ce" - ae 46. x 6 
6, (x) { aes 
4p(p?-11 40% 1) 4p - Wp* WLpr Nord 
te SGerZe -3)x3 or 4, p*-35p*.J0prlé e*] 
63 





emi. +O %, 


Is (X) _ coereceei ile I caarcnaiee 
. 4p(p*-1N p*?-4f4p*? QY4p*2ZNpr3N2p+7 
{. * Siete Dit, (50% Lp? -20p?-25pr1a)x? 
if 


Solet to 4)ipr3) = J §+ as Gc*+D, 


33.5117. 137 
0, le) {Faroe Iya ANo® 9NAp? Lip ADNAN * 
a? ee eee. 7 ae Mer -L05p +101 )x3 
. ian 64 105 Lbbp- are. -180)32) 
3-11-13 , 
= Ju? + Txt GuF 41D. 





P 
In order to effect the computation of the sum 5, = £ D(x) 
-2 77 


7See note at end of this section. 
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we replace the value of 4,,as given by (13) in (10) and compare 
the coefficient of x’ with the corresponding coefficient in the 
proper formula of the set from (3) to (9). Thus for 277-3, since 
By (a) = Fle F+ EX Ve Cx, 


we have from the quintic 
approximation, 


f(x) = “(FG +£M, +C€'/4,) + terms of lower degree, 


25°%5, 2 <4. 4% J t £1 d 
= = + terms of iower egree, 








+‘-__-_s 


Ss Is Js 





2 
PUM, F'E'M, FCM, 
= +terms of lower degree, 


Equating the coefficients of 77, it is clear that 55 =“ 

4. The Recursion Formula. It will be obvious from the pre- 
ceding discussion that the polynomials which we have investigated 
are essentially the analogue of the well-known Legendre poly- 
nomials, where the integration between the limits -Z and +7 


formula which exists for the Legendre case. It turns out that 
this expectation is justified and we find the following relationship 


used in the definition of the latter’s orthogonality is here replaced | 

by the discrete sum over the integers from -ptorp. We might, 

therefore, expect to find a recursion formula connecting any suc- | 

cessive three of the new polynomials similar to the recursion ; 
' 
f 


holding between Z, opt?» Z, (x), and D. , fa): 


(net)*(2p-n) (2p+n+-2)O,,4 Cx) 
(14) - 4feneLHl2 re F)x %,, (x) 
+4(ene li 2 n+3) 6, 1 C#)= O. 


~ 





From this equation we easily deduce that the coefficient, Z ‘aie 
s_.7 @/is related to the coefficient, Z, , of x” in 


of x mT, 





— a 


> Eo 


~~ 
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%, (as follows: 
) 4(2n+1Ninr3) b,/ (nl)"(éo-nNeorned) 
From this we obtain by iteration and a proper change in no- 


tation, the following value for g, : 


Jy = (412 3°5?...(En-L)(2met) Yhtnt)*2 tt) 


(4p* 4VAp2 g).. |402-2)"| (ZornNornet)}. 


(15) 


The value thus obtained is at once seen to be equal to 
? 
Ta +e BF, (4). 


As an example consider the case where 77=<. We then have, 
GOO 2 Beat {x2 galorl)at retort) 79), 


where we abbreviate, a = 7*5 Yo (p+ ¥(4p@L) (ers) 
. We then obtain, 


P P 2 
ZG Cd-a* {Ext Lape F +ptorl){Zo+lp}, 


=a? {DerlZe+liGo +5e-) LeU pr) 
+p Vpel)*(2p+l)/ 9 } ° 
«a? folp+ lA p21 orIi45} = 3? SfoforlApNeorI) 
which is seen to agree with the value of Sp as calculated directly 
from (15).° 


8The detinition of the B,, A) which we have given above was chosen 
for the obvious connection which the functions in that form have with the 
problem of curve fitting and with the computed values in the tables. If, 
however, the coefficient of 27? were reduced to unity, 

Be) =1, So A)=x, 6,0) =x2*- p(prt)/3, 
etc., then the recursion formula (14) would have been, 
4An2L)$,, (a)-4(4n2-1)xb, alenep-n+LN2prnt1)g,_ (a)=2O 


If, moreover, Dp (7) as just defined were multiplied by the coefficient 
1:35... f@n-1)/7/ , which is the multiplier of the corresponding 
Legendre polynomials, then the recursion formula becomes, 


4Afnth)g,,, 7 (a)-4f2nel) fp (a) + nfdo-reel Horned ) h. t (a)-O 
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5. The Polynomials of Gram. It will be at once evident that 
the results obtained above permit us to define a new set of poly- 
nomials which are orthogonal over the discrete range from 

xe«7 to %2p’ 


In the former paper in the Annals it was proved that the 
formulas for the coefficients of the least square polynomial, 


fitted to data given over the discrete range x~=/ to =p’, can 
be obtained from the coefficients, @, @,, @y,--; @,, of equa- 
.tion (2), by means of the following substitution: 


p-(-t}/2, 


P4l r(r-1) (eit) ee 
% se AS “—— oan se 














%>» 


where 47, are the moments defined by (1) and 77, are the 
moments, 
p’ 
Wp =e SY. 
 —_= = 
Conversely we can pass from the range ~=-, to x= 


to the range x=/ to x=’ , bv means of the substitution: 


P= Zor, 
(Prt rr-L)/ prt 70%L 
Mp AS Ln? BT le of 2) Mo, 


Replacing 44. and #7, by x”, it is clear that new polynomials 
YG) are obtained which belong to the range v=TZ to %=,0’ 


The polynomials may be explicitly evaluated from 


DB, (t)= B+ b,xr--+ Dy x7” 





| 
| 
' 








rrr rr creer 


= 


es 
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as follows: 


Ue, 4) = br bs (0-0)4 pf (0? 26% BA) 4-0-0 


(16) 
+h Ln mb? 44 mm-L) bre Site 4, 


where b= L)/. < and g/ denotes the value of g. after 
the substitution 2=/0+2 Ve. 

These polynomials can be proved by the method of section 3 
to be orthogonal over the discrete range x.=/to =p’ and they are 
identifiable with the last lines of the formulas (3), (4), and (5) 
of the Annals paper previously cited where the 7, are replaced 
by 77 

Polynomials orthogonal over the discrete range x=Oto x=n-f 
were first obtained by Gram in the paper to which we previously 
referred and hence (16) may properly he called the Gram poly- 
nomial of x th degree. 

The following explicit formula, in the notation of the present 
paper where the range is from %=Z tox= p , was derived by 


Gram: 
(o-1)! (ml) (p-2) (2-1) 
Yin (2) NSF Can. pine 
_ Catlin EN p- 3)! (2-1 Nx-2) 
(rm-2)/ 2/* 
Cont Nom N em He-Ne tHe-2Ne-3) 
(m-3)/3714 


Since the coefficient of ~’” in %, @/equals Zp = 47772 


F254... (e2m-L) (emt rn) *._ 22? tN 02 4--(72 2777) and since the 


2. or 
coefficient of z’” in Gram’s definition is <7)” mr lLNoed)- a - 


it is clear that the following equation holds betweer. &%, (<) and 


V,,, (x): 
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Yh, lef)? tN?) (a? Nem) 41°25 4 


(277-L) 2 mel) ml ; t,, Ce), 


{CL "2p? ler). (a? mY mY flem) a mel) go) 


By methods previously used it can be shown that, 


p 
z Ye) = B Co). 


The first four Gram polynomials are given below explicitly :° 


4 (x) = 1/2, 

Yj) =| 12)e(p?t)\| x-Cort)/2), 

Uj 6e)-|180/olo?tot4)\| x2 (0+ 1) x+ (ortHor2)/6 | , 
UV; 02)-| 2600/0 (p?*LNo* 4H no? 9) || x* Sart) F + 


L(6p%-Io+i«  -(prtNoréNord)/ 20), 

6. Tables and Numerical Application. In tables 1 to 7 the 
numerical values of the coefficients of equations (3) to (9) have 
been tabulated for values of ,o by half integers. For the case of 
the straight line the range of , is from 0.5 to 100.0; for the 
parabola the range is from 1.0 to 100.0; for the cubic the range 
is from 1.5 to 50.0; for the other polynomials the range does not 
exceed O= 25.0. The tables have been computed to ten signifi- 
cant figures and have been checked by duplicate calculation. 


®These polynomials are essentially the same as those employed by 
Jordan (loc. cit.) except: that the summation in his work has taken over 
the numbers 0, 1, 2, . . . ., 2-£. His polynomials are also expressed 
in terms of the Newton polynomials: 7 (2-Z)---(2-77/. 
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In illustration of the application of these tables to the numer- 
ical problem of polynomial approximation, we shall fit polynomials 
to the data employed by Karl Pearson in the same connection, his 
method being, however, the method of moments.’° The data are 
from T. N. Thiele’? and consist of a system of frequencies ob- 
tained from a game of patience (solitaire) : 


Value of character|}6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
Frequency 0 3 7 35 101 89 94 70 46 30 15 4 5 1 O 
Class marks (x) {7 -6 -5 -4 -3 -2 -1 012 3 4 5 6 7 


Computing the moments, using the values of x for this pur- 
pose, we obtain the following: 


M,=500; [=-570; [M=2728; MM, =- 5508: 
M,= 34108; [, =- 76580; M, = 626188; ,=-1419708, 


These values are then substituted in equations (3) to (9) 
and the coefficients of the desired polynomials thus obtained. In 
illustration we shall give only the computations for the parabola. 

From the value corresponding to jo=7 in column A’ of 
table 1 we obtain, 


a,=%,. (2) 357 1428 571 = -.2. 035 714; 
Similarly from the values corresponding to = 7 in columns 
A ,& ,and C of table 2 we compute. 
G24 .191 1312 217-1, (2) 452 E66 873 = 63.221 719, 
= -M, . (@) 452 F886 873 + 1A, (3)24.2 4046 §4.2-1601 1635 


10On the Systematic Fitting of Curves to Observations and Measure- 
ments. Biometrika, vol. 1 (1902), pp. 265-303; vol. 2 (1903), pp. 1-27, in 
particular, p. 18. 

11Forelaesninger over Almindelig Iagttagelseslacre, Copenhagen, (1889), 
p. 12. 
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Proceeding in this manner the other coefficients are easily 
computed and we obtain the following seven polynomials of ap- 


proximation: 
Ye BB. GISII3 - 2. O35 71M X, 


y= 63. 22L719-2.035 71h x - 1.601163 x2 
y= O03. 221 719- 9.924624 x2 -1O0163 27+. 2Z3OL95 x 
Y= 75. O5E367- 992N624. x ~3 FOOT Fae *s.2IO0195x 7+. ISOO6x5 


y= KI OSB IE -2O, 4O5E90% -~3T6OS1 71741 LID GI +. OLS O66 %* 


~. O14 9822 x7 

y=73 95OIB6 - 20 405890 - 3:IBOSGO x1? + 1.139793%9 
+. O2O8B90 x *-.O14922 x %¢. DOOSIB S51 x © 

Y = 73, 950386 ~ 25. 7O3O034. - 3.320586 x* +2 O7O528 x9 


+. 020890 %4 -. 054118. 7+. OOO BIBS 51% °+,000460 7106.7 


The following table contains the values computed from these 
polynomials over the range from x=-7to x= 7: 






















m=4 m=5 7:6 n=7 


al ‘ — .985 ~ 26.778 -11.105 3.123 3.916 591 
45.548 17.794 14.109 7.393 — 8.863 -10.448 -—3.483 
43.512 33.371 43.291 29.685 15.773 15.469 12.432 
41.476 45.746 62.185 51.163 50.538 51.513 45.975 
39.440 54.918 72.208 68.309 78.982 80.073 79.537 


89 | 37.405 60.888 74.777 78.707 92.918 93.194 97.660 
94 | 35.369 63.656 71.309 81.032 90.625 89.932 94.397 
70 | 33.333 63.222 63.222 75.058 75.058 73.950 73.950 
46 | 31.298 59.585 51.932 61.655 52.062 51.370 46.905 
30 | 29.262 52.746 38.857 42.787 28.576 28.853 24.388 


15 | 27.226 42.704 25.415 21.516 10.843 11.935 12.471 
4} 25.199 29.460 13.021 1.999 2.624 3.599 9.136 
5 | 23.155 13.014 3.094 -10.512 3.400 3.095 6.133 
1 | 21.119 —6.634 ~2.950 - 9.667 6.589 5.005 = 1.959 
0 | 19.083 —29.485 — 33.693 11.980 — 2.249 — 1.457 869 





NA MN AW NK OS 





The approximation attained by these polynomials is exhibited 
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in the following charts, the odd order cases being given in figure 

i 1 and the even order cases in figure 2. 

In order to illustrate the case where the number of items is 
even we shall delete the last value from the series which we have 
just used. The table must then be arranged as follows: 






Frequency 





Class mark |-49/2 -14/? -9f 


Te -Je -y2 -42 2 


Frequency 46 JO 15 4 JF 1 
Class mark | 72 2 Zl2 G2 L142 13/2 


The method will be sufficiently illustrated by means of the 
first, second, and fifth degree polynomials. To compute these we 
first obtain the moments : 


MM, =500; 14,+-320; 1,+=2283; 1, +-1781; 
Mg = 2693025; My =- 1652.5. 


mene SR RR —- 


In order to evaluate the coefficients of the parabola we use 
the value corresponding to = 6.5 in column 4 ‘ of table 1 and 
the values in columns 4 , & , and C cf table 2 as follows: 


a,= 0%, (2) 439 5604 JOO = - 1,406 593, 
@,=,-162 1093 7IO- 1, (4) 558B 0357 143 = 68, 314 734, 
232-14, (2) IIB OFS7 143 + My (GQ) I43 O65 GIA =- 2.006 LE. 


Se 


The other coefficients are similarly obtained and we thus de- 
rive the following approximating polynomials: 


-~ 


y= 35 714296 - 1.406593 x, 
¥* O68. KLATGA -1, 400593 x -2.OO6181 x? 
283. T2IO-LO.OHN5O% -F 17LOF4 74 L L4G «4. OF 780 x* 
- OL 70h T | 
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The approximating values obtained from the parabola and the 
quintic are recorded in the following table: 





In the article froin which these data are taken, Karl Pearson 
compares the efficacy of polynomial curves with that of skew- 


frequency curves and shows the superiority of the latter in the 
present case. It is worth noting here, however, that the least square 
polynomials of the present paper give a measurably better fit than 
the moment polynomials employed by Pearson. The sum of the 
squares of the deviations from the data of the values obtained by 
means of the sixth degree parabola of Pearson is found to be 
1402.31; the same sum for the sextic of the present paper is 
1091.22. For the septic the sum of the square of the deviations 
is 926.32, which compares not too unfavorably with the sum 760.91 
obtained from the skew-frequency curve. 


Se. B. Maas 
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TABLE I 
(The numbers in parentheses denote the number of ciphers 


between the decimal point and the first significant figure.) 


A 


.500 0000 000 
-333 3333 333 
.250 0000 000 
-200 0000 000 
-166 6666 667 
-142 8571 429 
-125 0000 000 
-111 1111 111 
.100 0000 000 


909 0909 091 
833 3333 333 
769 2307 692 
714 2857 143 
666 6666 667 
625 0000 000 
588 2352 941 
555 5555 556 
526 3157 895 
500 0000 000 


1) 

1) 

1) 

1) 
-(1) 
-(1) 

1) 

1) 

1) 

1) 
)476 1904 762 
)454 5454 545 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 


434 7826 087 


1 
1 
1 
(1 
(1 
1)384 6153 846 
1)370 3703 704 
1)357 1428 571 
1)344 8275 862 
1)333 3333 333 
1)322 5806 452 
1)312 5000 000 
1)303 0303 030 
1)294 1176 471 
.(1)285 7142 857 
1)277 7777 778 
1)270 2702 703 
1)263 1578 947 
1)256 4102 564 
1)250 0000 000 


1)243 9024 390 
1)238 0952 381 
1)232 5581 395 
1)227 2727 273 
.(1)222 2222 222 
-(1)217 3913 043 
1)212 7659 574 
1)208 3333 333 
1)204 0816 327 
to 0000 000 


( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
-¢ 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
‘ 
(1)196 0784 314 


ql 
(1 
-(1 
«€8 
(1 
(2 
(2 
-(2 
(2 
- (2)357 1428 571 
-(2)294 1176 471 
.(2)245 0980 392 
«(2)206 3983 488 


.(2)175 4385 965 
. (2) 150 3759 398 


. (2)129 8701 299 
.(2)112 9305 477 
. (3) 988 1422 925 
. (3)869 5652 174 
.(3)769 2307 692 
- (3) 683 7606 838 
.(3)610 5006 105 
.(3)547 3453 749 
. (3) 492 6108 374 
. (3)444 9388 209 


- (3)403 2258 064 
- (3)366 5689 150 
- (3) 334 2245 989 
.(3)305 5767 762 
. (3)280 1120 448 
.(3)257 4002 574 
. (3)237 0791 844 
-(3)218 8423 241 
.(3)202 4291 498 
. (3) 187 6172 608 


-(3)174 2160 279 
-(3)162 0614 213 
-(3)151 0117 789 
-(3)140 9443 270 
- (3) 131 7523 057 
- (3)123 3425 840 
-(3)115 6336 725 
-(3)108 5540 599 
-(3)102 0408 163 
- (4)960 3841 537 
- (4)904 9773 756 


POLYNOMIAL APPROXIMATION 


A’ 
2.000 0000 000 
.500 0000 000 
-200 0000 000 
-100 0000 000 
)571 4285 714 
)357 1428 571 
)238 0952 381 
166 6666 667 
121 2121 212 
) 
) 
) 


909 0909 091 
699 3006 993 
549 4505 495 
)439 5604 396 
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TABLE I—(Continued) 

~ A! 
25.5 1)192 3076 923 . (4)853 7522 411 
26.0 )188 6792 453 . (4)806 3215 610 
26.5 )185 1851 852 . (4)762 3403 850 
27.0 )181 8181 818 .(4)721 5007 215 
27.5 )178 5714 286 . (4)683 5269 993 
28.0 )175 4385 965 . (4)648 1721 545 
28.5 )172 4137 931 - (4)615 2142 484 
29.0 )169 4915 254 - (4)584 4535 359 
29.5 )166 6666 667 .(4)555 7099 194 
30.0 )163 9344 262 - (4)528 8207 298 
30.5 .(1) 161 2903 226 - (4)503 6387 903 
31.0 .(1)158 7301 587 . (4) 480 0307 220 
31.5 . (1) 156 2500 000 . (4)457 8754 579 
32.0 .(1)153 8461 538 - (4) 437 0629 371 
32.5 .(1)151 5151 515 .(4)417 4929 548 
33.0 .(1)149 2537 313 . (4)399 0741 480 
33.5 -(1)147 0588 235 - (4)381 7230 981 
34.0 1) 144 9275 362 . (4)365 3635 367 
34.5 .(1) 142 8571 429 - (4) 349 9256 408 
35.0 .(1) 140 8450 704 - (4)335 3454 058 
35.5 )138 8888 889 - (4)321 5640 877 

é 36.0 )136 9863 014 . (4) 308 5277 058 
36.5 )135 1351 351 . (4)296 1865 976 
37.0 )133 3333 333 . (4)284 4950 213 
37.5 )131 5789 474 - (4)273 4107 997 
38.0 )129 8701 299 - (4)262 8949 997 
38.5 )128 2051 282 - (4)252 9116 453 

39.0 )126 5822 785 - (4)243 4274 586 

f 39.5 )125 9000 000 - (4)234 4116 268 
40.0 )123 4567 901 - (4)225 8355 917 
40.5 1)121 9512 195 - (4)217 6728 595 
41.0 -(1)120 4819 277 . (4)209 8988 288 
41.5 1)119 0476 190 - (4)202 4906 348 
42.0 1)117 6470 588 - (4)195 4270 080 
42.5 1)116 2790 698 . (4) 188 6881 457 
43.0 .(1)114 9425 287 - (4) 182 2555 952 
43.5 1)113 6363 636 . (4)176 1121 482 
44.0 1)112 3595 506 - (4)170 2417 433 
44.5 1)111 1111 111 - (4) 164 6293 781 
45.0 1)109 8901 099 - (4)159 2610 288 
45.5 )108 6956 522 - (4) 154 1235 763 
46.0 )107 5268 817 - (4) 149 2047 387 
46.5 )106 3829 787 - (4) 144 4930 102 
47.0 )105 2631 579 - (4) 139 9776 036 
47.5 )104 1666 667 - (4)135 6483 993 
48.0 )103 0927 835 - (4) 131 4958 973 
48.5 102 0408 163 - (4)127 5111 732 
49.0 )101 0101 010 - (4) 123 6858 380 
49.5 )100 0000 000 - (4)120 0120 012 
50.0 )990 0990 099 


- (4)116 4822 365 
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. (2) 980 3921 569 
.(2)970 8737 864 
.(2)961 5384 615 
. (2) 952 3809 524 
. (2)943 3962 264 
. (2) 934 5794 393 
. (2)925 9259 259 
.(2)917 4311 927 
. (2)909 0909 091 
. (2)900 9009 009 


. (2)892 8571 429 
. (2)884 9557 522 
.(2)877 1929 825 
. (2)869 5652 174 
. (2)862 0689 655 
. (2)854 7008 547 
. (2)847 4576 271 
. (2)840 3361 345 
. (2)833 3333 333 
. (2)826 4462 810 


.(2)819 6721 311 
. (2)813 0081 301 
- (2)806 4516 129 
. (2)800 0000 000 
-(2)793 6507 937 
. (2)787 4015 748 
.(2)781 2500 000 
.(2)775 1937 984 
. (2)769 2307 692 
. (2) 763 3587 786 


. (2)757 5757 576 
-(2)751 8796 992 
.(2)746 2686 567 
.(2)740 7407 407 
.(2)735 2941 176 
.(2)729 9270 073 
-(2)724 6376 812 
.(2)719 4244 604 
.(2)714 2857 143 
-(2)709 2198 582 


.(2)704 2253 521 
. (2)699 3006 993 
. (2) 694 4444 444 
.(2)689 6551 724 
. (2) 684 9315 068 
- (2)680 2721 088 
-(2)675 5756 757 
.(2)671 1409 396 
. (2) 666 6666 667 
. (2) 662 2516 556 


Continued 
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“” 


. (4) 113 0895 500 
. (4) 109 8273 514 
. (4) 106 6894 271 
. (4) 103 6699 150 
- (4) 100 7632 819 
.(5)979 6430 181 
.(5)952 6803 662 
.(5)926 6981 744 
.(5)901 6522 778 
.(5)877 5008 775 


- (5)854 2043 940 
. (5)831 7253 310 
-(5)810 0281 485 
.(5)789 0791 446 
.(5)768 8463 461 
.(5)749 2994 051 
-(5)730 4095 041 
.(5)712 1492 665 
-(5)694 4926 731 
.(5)677 4149 844 


-(5)660 8926 677 
. (5)644 9033 290 
-(5)629 4256 491 
.(5)614 4393 241 
.(5)599 9250 094 
. (5) 585 8642 670 
.(5)572 2395 166 
. (5)559 0339 893 
.(5)546 2316 842 
(5) 533 8173 277 


.(5)521 7763 354 
-(5)510 0947 756 
.(5)498 7593 361 
.(5)487 7572 920 
.(5)477 0764 754 
-(5)466 7052 476 
.(5)456 6324 725 
.(5)446 8474 910 
- (5) 437 3400 975 
.(5)428 1005 180 


-(5)419 1193 883 
.(5)410 3877 343 
.(5)401 8969 536 
- (5)393 6387 970 
-(5)385 6053 522 
-(5)377 7890 275 
. (5)370 1825 370 
(5) 362 7788 863 
-(5)355 5713 587 
(5) 348 5535 030 
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TABLE I—(Continued) 
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. (2)657 8947 368 
.(2)653 5947 712 
. (2)649 3506 494 
.(2)645 1612 903 
. (2) 641 0256 410 
-(2)636 9426 752 
. (2)632 9113 924 
. (2)628 9308 176 
. (2)625 0000 000 
.(2)621 1180 124 


.(2)617 2839 506 
.(2)613 4969 325 
. (2)609 7560 976 
-(2)606 0606 061 
. (2) 602 4096 386 
.(2)598 8023 952 
. (2)595 2380 952 
-(2)591 7159 763 
. (2)588 2352 941 
. (2) 584 7953 216 


. (2) 581 3953 488 
- (2)578 0346 821 
- (2)574 7126 437 
.(2)571 4285 714 
. (2) 568 1818 182 
. (2)564 9717 514 
. (2)561 7977 528 
-(2)558 6592 179 
-(2)555 5555 556 
. (2)552 4861 878 


- (2) 549 4505 495 
- (2)546 4480 874 
- (2)543 4782 609 
. (2)540 5405 405 
- (2) 537 6344 086 
. (2)534 7593 583 
. (2)531 9148 936 
-(2)529 1005 291 
. (2)526 3157 895 
- (2)523 5602 094 


- (2)520 8333 333 
. (2)518 1347 150 
.(2)515 4639 175 
. (2)512 8205 128 
-(2)510 2040 816 
.(2)507 6142 132 




































. (2) 500 0000 000 
. (2)497 5124 378 





















( 
( 
( 
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-¢ 
( 
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A‘ 


. (5)341 7191 206 
-(5)335 0622 546 
.(5)328 5771 787 
. (5)322 2583 868 
-(5)316 1005 832 
.(5)310 0986 734 
- (5) 304 2477 550 
-(5)298 5431 096 
.(5)292 9801 945 
- (5)287 5546 354 


. (5)282 2622 188 
-(5)277 0988 855 
:(5)272 0607 240 
.(5)267 1439 639 
:(5)262 3449 705 
.(5)257 6602 389 
-(5)253 0863 $85 
. (5) 248 6201 581 
.(5)244 2584 010 
 (5)239 9980 800 


.(5)235 8362 636 
-(5)231 7701 211 
-(5)227 7969 190 
-(5)223 9140 170 
-(5)220 1188 642 
-(5)216 4089 957 
-(5)212 7820 293 
.(5)209 2350 621 
-(5)205 7676 677 
-(5)202 3758 930 


-(5)199 0582 554 
-(5)195 8127 404 
-(5)192 6373 986 
- (5) 189 5303 438 
- (5) 186 4897 501 
- (5) 183 5138 498 
- (5) 180 6009 315 
-(5)177 7493 378 
-(5)174 9574 635 
-(5)172 2237 531 


- (5) 169 5466 999 
- (5) 166 9248 438 
- (5) 164 3567 692 


5) 161 8411 044 
5)159 3765 191 
5) 156 9617 233 
5) 154 5954 662 
5)152 2765 342 
5)150 0037 501 
5) 147 7759 716 
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POLYNOMIAL APPROXIMATION 


TABLE II 
(The number in parentheses denote the number of ciphers between the 





decimal point and the first significant figure.) 


-640 6250 000 
485 7142 857 
.394 5312 500 
.333 3333 333 
.289 0625 000 
-255 4112 554 
-228 9062 500 
.207 4592 075 


.189 7321 429 
.174 8251 748 
.162 1093 750 
151 1312 217 
141 5550 595 
.133 1269 350 
.125 6510 417 
.118 9739 054 
.112 9734 848 
.107 5514 874 


.102 6278 409 
. (1) 981 3664 596 
.(1)940 2316 434 
.(1)902 4154 589 
. (1) 867 5309 066 
.(1)835 2490 421 
. (1)805 2884 615 
.(1)777 4069 954 
.(1)751 3950 893 
(1)727 0704 824 
. (1) 704 2738 971 
)682 8655 216 
)662 7221 201 
643 7346 437 
625 8062 436 
608 8506 089 
592 7905 702 
577 5569 190 
563 0874 060 
549 3258 868 


536 2215 909 
523 7284 931. 
511 8047 713 
500 4123 371 
489 5164 279 
479 0852 511 
469 0896 739 
459 5029 501 
450 3004 808 
441 4596 027 


Nee ae Ne ae ee ae ee ee ee” ee ee 





- .312 5000 000 
— .142 8571 429 


.(1)781 2500 000 
.(1)476 1904 762 
-(1)312 5000 000 
.(1)216 4502 165 
. (1) 156 2500 000 
.(1)116 5501 166 


. (2)892 8571 429 
- (2)699 3006 993 
.(2)558 0357 143 
.(2)452 4886 878 
. (2)372 0238 095 
. (2)309 5975 232 
.(2)260 4166 667 
.(2)221 1410 880 
. (2) 189 3939 394 
(2) 163 4521 085 


- (2) 142 0454 545 
. (2) 124 2236 025 
- (2) 109 2657 343 
-(3)966 1835 749 
. (3)858 5164 835 
. (3) 766 2835 249 
. (3)686 8131 868 
. (3)617 9705 846 
- (3) 558 0357 143 
- (3) 505 6122 965 


. (3) 459 5588 235 
.(3)418 9359 028 
- (3) 382 9656 863 
. (3) 351 0003 510 
.(3)322 4974 200 
.(3)297 0002 970 
.(3)274 1228 070 
.(3)253 5368 389 
.(3)234 9624 060 
.(3)218 1596 056 


-(3)202 9220 779 
. (3) 189 0716 582 
- (3) 176 4539 808 
. (3) 164 9348 507 
- (3) 154 3972 332 
. (3) 144 7387 466 
- (3) 135 8695 652 
.(3)127 7106 587 
-(3)120 1923 077 
. (3) 113 2528 483 





A 


- (4)967 4922 601 
. (4)737 1369 601 
. (4) 569 6058 328 
. (4)445 7784 778 


. (4)352 9079 616 
. (4)282 3263 693 
. (4)228 0328 367 
- (4) 185 8045 336 
. (4)152 6251 526 
- (4) 126 3104 711 
. (4) 105 2587 260 
. (5)882 8151 209 
.(5)744 8752 582 
. (5) 632 0153 706 


- (5) 539 0719 338 
-(5)462 0616 575 
-(5)397 8864 273 
- (5)344 1179 912 
.(5)298 8393 081 
-(5)260 5265 763 
.(5)227 9607 543 
-(5)200 1606 623 


( 
( 
( 
( 
( 
-¢ 
 ( 
( 
( 
( 
( 
( 


2) 
2) 
2) 
. (3) 
.(3)499 5004 995 
3) 
3) 
3) 
3) 


( 
(5 

(5 

{5 
.(5)122 7738 040 
(5 

(6 

(6 


Cc 


1.500 0000 000 
.250 0000 000 


.(1)714 2857 143 
1) 


267. 8571 429 
119 0476 190 


-(1) 
- (2)595 2380 952 


324 6753 247 
189 3939 394 
116 5501 166 


749 2507 493 


343 4065 934 
242 4046 542 
175 0700 280 
128 9989 680 


)176 3320 120 
)155 8282 897 


)138 1205 295 
)109 4288 253 


)977 8746 091 
)876 0126 706 


.(6)785 2017 048 
.(6)707 9612 604 
- (6)638 5532 937 
-(6)577 1539 385 
- (6)522 7054 537 
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TABLE II—(Continued) 





pP A 
25.5 .(1)432 9594 017 
26.0 . (1) 424 7805 469 
26.5 . (1) 416 9051 435 
27.0 .(1)409 3166 020 
27.5 .(1)401 9995 211 
28.0 . (1) 394 9395 832 
28.5 .(1)388 1234 606 
29.0 -(1)381 5387 315 
29.5 . (1)375 1738 042 
30.0 .(1)369 0178 489 
30.5 . (1)363 0607 359 
31.0 .(1)357 2929 802 
31.5 .(1)351 7056 910 
32.0 -(1)346 2905 254 
32.5 . (1) 341 0396 474 
33.0 .(1)335 9456 896 
33.5 . (1)331 0017 189 
34.0 . (1) 326 2012 046 
34.5 .(1)321 5379 902 
35.0 -(1)317 0062 663 
35.5 . (1)312 6005 470 
36.0 - (1) 308 3156 473 
36.5 - (1)304 1466 631 
37.0 (1)300 0889 521 
v.35 .(1)296 1381 169 
38.0 . (1)292 2899 885 
38.5 . (1)288 5406 123 
39.0 (1)284 8862 343 
39.5 (1)281 3232 880 
40.0 (1)277 8483 837 
40.5 .(1)274 4582 970 
41.0 .(1)271 1499 593 
41.5 - (1)267 9204 481 
42.0 -(1)264 7669 787 
42.5 . (1)261 6868 960 
43.0 .(1)258 6776 671 
43.5 .(1)255 7368 746 
44.0 .(1)252 8622 095 
44.5 (1)250 0514 657 
45.0 (1)247 3025 344 
45.5 . (15244 6133 981 
46.0 .(1)241 9821 265 
46.5 .(1)239 4068 715 
47.0 . (1)236 8858 628 
47.5 .(1)234 4174 039 
48.0 .(1)231 9998 685 
48.5 .(1)229 6316 964 
49.0 (1)227 3113 909 
49.5 (1)225 0375 150 
50.0 (1)222 8086 886 








3 
3) 100 8979 921 
4)953 9072 039 
4)902 7715 085 
4)855 2271 483 
4)769 7044 335 
4)731 1972 624 
)695 2169 077 
661 5594 279 


4 

4) 

4)630 0403 226 

Oo 4924 038 
) 


-( 
( 
( 
( 
( 
( 
( 
( 
( 

-¢ 
( 


572 7639 296 


4)522 2259 358 
(4)499 1763 590 
-(4)477 4637 128 
(4)456 9924 414 
(4)437 6750 700 
(4)419 4314 188 


(4)402 1879 022 
- (4)385 8769 053 
- (49370 4362 257 
(4)355 8085 750 
(4)341 9411 314 
- (4)328 7851 389 
(4)316 2955 466 
(4) 304 4306 842 
(4)293 1519 700 
- (4)282 4236 468 


-(4)272 2125 436 
(4)262 4878 599 
(4)253 2209 708 
(4)244 3852 489 
(4)235 9559 046 
(4) 227 9098 389 


( 
( 
( 
( 


-(4)199 1484 413 


- (4) 192 7227 875 


(4) 186 5706 450 
- (4) 180 6776 133 
- (4) 175 0301 927 
- (4) 169 6157 186 
- (4) 164 4223 022 
- (4) 159 4387 755 


- (4) 145 6456 325 





177 


mn 


. (6)474 3068 006 
- (6)431 1880 006 
- (6) 392 6890 719 
. (6)358 2426 621 
- (6)327 3596 740 
.(6)299 6173 287 
.(6)274 6492 180 
-(6)252 1369 870 
. (6)231 8033 590 
. (6)213 4062 671 


- (6) 196 7339 024 
. (6) 181 6005 253 
. (6) 167 8429 098 
-(6)155 3173 195 
. (6) 143 8969 284 
- (6) 133 4696 147 
- (6) 123 9360 708 
.(6)115 2081 785 
.(6)107 2076 105 
- (7) 998 6462 352 


-(7)931 1701 382 
. (7) 869 0921 290 
-(7)811 9150 152 
-(7)759 1932 610 
-{7)710 5270 263 
-(7)665 5569 614 
-(7)623 9596 513 
(7) 585 4436 234 
. (7)550 4855 968 
.(7)516 6286 221 


-(7)485 8769 184 
- (7)457 2959 232 
- (7)430 7052 407 
-(7)405 9555 630 
- (7) 382 8899 060 
- (7) 361 3792 371 
-(7)341 3026 128 
-(7)322 5542 998 
- (7)305 0198 458 
. (7)288 6209 294 


-(7)273 2687 523 
.(7)258 8861 864 
-(7)245 4025 308 
- (7)232 7529 158 
.(7)220 8777 671 
-(7)209 7223 243 
-(7)199 2362 081 
-(7)189 3730 295 
- (7) 180 0900 478 
. (7) 171 3478 030 
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(1)220 6235 860 
(1)218 4809 327 
(1)216 3795 035 
(1)214 3181 200 

“(1)212 2956 479 

-(1)210 3109 957 
(1)208 3631 123 
(1)206 4509 850 
(1)204 5736 382 
(1)202 7301 313 


200 9195 574 
199 1410 418 
197 3937 403 
195 6768 382 
193 9895 490 
192 3311 130 
190 7007 963 
189 0978 896 
187 5217 074 
185 9715 868 


184 4468 866 
182 9469 865 
181 4712 863 
180 0192 049 
178 5901 798 
177 1836 660 
175 7991 358 
174 4360 776 
173 0939 958 
171 7724 099 


170 4708 538 
169 1888 755 
167 9260 306 
166 6819 116 
165 4560 875 
164 2481 635 
163 0577 503 
161 8844 697 
160 7279 547 
159 5878 482 


158 4638 037 
157 3554 838 
156 2625 611 
155 1847 168 
154 1216 409 
153 0730 320 
152 0385 968 
151 0180 498 
150 0111 131 
149 0175 162 


Nee ee a ae ae ee ee Nee eee eee ae ae eee ee Se ae Nee ee eee eee ee ee 


; 
TEER Ea 


- (4)141 4027 149 
. (4) 137 3230 250 


- (4) 133 3987 877 


.(4)129 6226 684 
-(4)125 9877 439 
.(4)122 4874 757 
.(4)119 1156 852 
.(4)115 8665 310 
-(4)112 7344 877 
-(4)109 7143 258 


- (4)106 8010 936 
- (4)103 9901 001 
.(4)101 2768 991 
.(5)986 5727 449 
.(5)961 2722 631 
. (5) 936 8295 813 
-(5)913 2086 499 
.(5)890 3752 219 
. (5)868 2967 491 
. (5) 846 9422 843 


.(5)826 2823 903 
.(5)806 2890 546 
. (5)786 9356 098 
.(5)768 1966 583 
.(5)750 0480 031 
.(5)732 4665 812 
.(5)715 4304 029 
.(5)698 9184 935 
.(5)682 9108 392 
.(5)667 3883 359 


.(5)652 3327 419 
-(5)637 7266 321 
. (5)623 5533 562 
.(5)609 7969 986 
.(5)596 4423 407 
.(5)583 4748 260 
-(5)570 8805 261 
.(5)558 6461 100 
-(5)546 7588 138 
. (59535 2064 131 


.(5)523 9771 965 
.(5)513 0599 408 
-(5)502 4438 871 
.(5)492 1187 187 
. (5) 482 0745 403 
.(5)472 3018 576 
. (5) 462 7915 587 


- (5) 453 5348 963 


. (5)444 5234 708 
.(5)435 7492 141 





TABLE IIl—(Continued) 


cca esis lccamnenislll cmnmnl 


e 


.(7)163 1099 278 
.(7)155 3427 884 
(7) 148 0152 984 
.(7)141 0986 957 
. (7) 134 5663 486 
.(7) 128 3935 804 
.(7)122 5575 085 
.(7)117 0369 000 
-(7)111 8120 384 
.(7)106 8646 031 


.(7)102 1775 591 
.(8)977 3505 652 
- (8)935 2233 857 
. (8)895 2565 744 
.(8)857 3219 737 
.(8)821 3000 421 
. (8) 787 0792 070 
. (8)754 5552 728 
.(8)723 6308 764 
. (8)694 2149 871 


.(8)666 2224 473 
. (8)639 5735 494 
.(8)614 1936 467 
.(8)590 0127 944 
. (8) 566 9654 196 
- (8)544 9900 158 
. (8)524 0288 613 
. (8)504 0277 597 
. (8) 484 9357 992 
. (8)466 7051 300 


- (8)449 2907 595 
- (8)432 6503 610 
- (8)416 7440 977 
-(8)401 5344 591 
. (8)386 9861 091 
. (8)373 0657 455 
-(8)359 7419 689 
- (8)346 9851 615 
. (8)334 7673 741 
. (8)323 0622 212 


-(8)311 8447 829 
- (8) 301 9915 145 
.(8)290 7801 613 
- (8) 280 8896 796 
-(8)271 4001 634 
-(8)262 2927 754 
-(8)253 5496 829 
-(8)245 1539 980 
.(8)237 0897 218 
-(8)229 3416 916 
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a 


|Bss22s 








148 0369 959 
147 0692 956 
146 1141 654 


144 2406 486 
143 3217 937 
142 4145 722 
141 5187 645 
140 6341 567 
139 7605 399 


138 8977 106 
138 0454 701 
137 2036 248 
136 3719 855 
135 5503 678 
134 7385 917 
133 9364 812 
133 1438 649 
132 3605 750 
1315864 481 


)130 8213 241 
)130 0650 470 
)129 3174 642 
)128 5784 266 
)127 8477 885 
) 
) 
) 
) 


) 
) 
) 
) 
) 
) 
) 
) 
) 
) 


Name a a ae ae ae ee ee ee ee” 


127 1254 075 
126 4111 445 
125 7048 632 
125 0064 308 
124 3157 171 


123 6325 948 
122 9569 394 
122 2886 291 
121 6275 450 
120 9735 702 
120 3265 909 
119 6864 953 
119 0531 742 
118 4265 205 
117 8064 296 


117 1927 988 
116 5855 277 
115 9845 180 
115 3896 733 
114 8008 993 
114 2181 034 
113 6411 951 
113 0700 856 
112 5046 880 
111 9449 168 


) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
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)427 2043 746 
)418 8815 026 
)410 7734 371 
)402 8732 923 
)395 1744 458 
)387 6705 266 
)380 3554 041 
— — pha 


(8) 380 4849 013 


. (5)352 8681 120 
. (5)346 4127 230 
-(5)340 1138 429 
- (5)333 9667 569 
. (5)327 9669 199 
-(5)322 1099 490 
.(5)316 3916 169 
.(5)310 8078 455 
-(5)305 3547 000 
. (5)300 0283 827 


.(5)294 8252 276 
.(5)289 7416 953 
. (5)284 7743 676 
.(5)279 9199 429 
(5)275 1752 316 
.(5)270 5371 515 
(5)266 0027 239 
-(5)261 5690 691 
-(5)257 2334 033 
. (5)252 9930 341 


.(5)248 8453 575 
.(5)244 7878 546 
-(5)240 8180 879 
- (5)236 9336 988 
(5)233 1324 043 
(5)229 4119 941 
-(5)225 7703 284 
.(5)222 2053 346 
-(5)218 7150 056 
-(5)215 2973 968 


.(5)211 9506 240 
(5)208 6728 615 
(5)205 4623 396, 
-(5)202 3173 428 
(5)199 2362 081 
-(5)196 2173 225 
(5)193 2591 218 
(5) 190 3600 889 
-(5)187 5187 519 
.(5)184 7336 824 






(5 
( 
( 
( 
( 
( 
( 
( 
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Ummm ut 





F553 85335 
. . i: 2 * 
































= 

























179 





- (8)221 8955 328 
.(8)214 7376 124 
.(8)207 8549 966 
.(8)201 2354 107 
. (8) 194 8672 015 
. (8)188 7393 021 


-¢ 
Bt 1629 008 
- (8)171 6949 101 
. (8) 166 4281 950 


- (8) 161 3541 647 
. (8)156 4646 446 
.(8)151 7518 541 
. (8)147 2083 854 
. (8) 142 8271 834 
. (8)138 6015 271 
. (8) 134 5250 116 
- (8)130 5915 317 
. (8)126 7952 663 
. (8)123 1306 632 


. (8)119 5924 258 
(8) 116 1754 993 
. (8)112 8750 590 
. (8) 109 6864 980 
. (8) 106 6054 166 
-(8)103 6276 117 
. (8) 100 7490 669 
-(9)979 6594 350 
.(9)952 7457 143 
- (9)926 7144 106 


-(9)901 5319 538 
- (9)877 1662 253 
- (9)853 5864 881 
- (9)830 7633 199 
- (9)808 6685 508 
-(9)787 2752 029 
-(9)766 5574 344 
-(9)746 4904 858 
-(9)727 0506 294 
-(9)708 2151 209 


- (9)689 9621 539 
.(9)672 2708 166 
-(9)655 1210 509 
- (9)638 4936 130 
- (9)622 3700 369 
-(9)606 7325 988 
-(9)591 5642 838 
. (9)576 8487 544 
- (9)562 5703 199 
-(9)548 7139 081 
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TABLE Il 
(The numbers in parentheses denote the number of ciphers between the 
decimal point and the first significant figure.) 














2.534 7222 222 
.902 7777 778 
-450 6999 559 
.262 5661 376 
.167 8541 366 
-114 3378 227 

1)816 0531 598 

1)603 7943 538 


1)459 7794 181 
1)358 4609 835 
1)285 0269 624 
1)230 4589 927 
1)189 0399 941 
1)157 0204 105 
1)131 8685 978 
1)111 8316 811 
2)956 6897 397 
2)824 8507 009 


.(2)716 2246 443 
.(2)625 9079 085 
.(2)550 1917 791 
- (2)486 2354 500 
. (2)431 8375 890 
. (2)385 2742 263 
. (2)345 1820 327 
.(2)310 4731 565 
. (2)280 2723 203 
.(2)253 8698 342 


. (2)230 6861 266 
-(2)210 2447 093 
.(2)192 1513 833 
.(2)176 0781 076 
-(2)161 7503 875 
-(2)148 9373 393 
.(2)137 4438 092 
-(2)127 1040 798 
“(2)117 7768 137 
.(2)109 3409 664 


.(2)101 6924 641 
. (3)947 4149 003 
. (3) 884 1025 513 
. (3)826 3115 900 
.(3)773 4526 546 
.(3)725 0103 342 
. (3) 680 5325 601 
. (3)639 6217 018 
.(3)601 9270 658 


-¢ 
-( 
-¢ 
. ( 
-( 
-( 
- ( 
-¢ 
( 
-¢ 
- ( 
( 


—_ 
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Deh bee tee eet ped bet et pet et ee 
SNUONUOMNOUSN BUNSNOUSUSUH GNSUSMNONSN BNSUSUSCUWON SGNOUNSUWSON 


SSSenawusan 


DN DH MW NM NSN NN dH 
&PWWNN KO 
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— 1.138 8888 889 
=, 236 1111 411 
-(1)779 3209 877 
.(1)324 0740 741 
-(1)155 7239 057 
.(2)827 7216 611 
. (2)474 2942 243 
. (2)288 1377 881 


. (2)183 4585 167 
.(2)121 4063 714 
. (3)829 8482 563 
. (3)583 0679 850 
.(3)419 5222 848 
. (3) 308 1642 014 
. (3)230 5259 336 
.(3)175 2561 737 
.(3)135 1741 492 
.(3)105 6201 476 


. (4)835 0091 302 
. (4)067 2071 889 
- (4)538 3326 639 
- (4)438 2359 455 
. (4)359 6848 299 
-(4)297 4533 626 
- (4)247 7164 138 
. (4)207 6407 573 
.(4)175 1046 701 
. (4) 148 5029 580 


. (4)126 6096 151 
- (4) 108 4799 077 
. (5)933 7977 791 
.(5)807 3440 736 
.(5)700 9036 937 
.(5)610 8752 239 
- (5)534 3795 459 
.(5)469 1008 114 
-(5)413 1653 981 
. (5)365 0491 008 


.($)323 5054 757 
- .(5)287 5101 521 
- .(5)256 2172 813 
-(5)228 9252 750 
-(5)205 0496 990 
. (5) 184 1017 105 
.(5)165 6708 183 
.(5)149 4110 299 
.(5)135 0296 678 


























(1 

(1 

(2 
(2 
.(3)701 4590 348 
(3 

(3 

(4 








.555 5555 556 
)694 4444 444 
)154 3209 877 
)462 9629 630 
)168 3501 684 


)323 7503 238 
)161 8751 619 


)863 3341 967 


- (4) 485 6254 856 
. (4)285 6620 504 
. (4)174 5712 530 
.(4)110 2555 282 
-(5)716 6609 334 
-(5)477 7739 556 
.(5)325 7549 697 
.(5)226 6121 528 
.(5)160 5169 416 


.(5)115 5721 980 
- (6)844 5660 620 
- (6)625 6044 903 
. (6)469 2033 678 
. (6)355 9473 824 
. (6)272 8929 932 
.(6)211 2719 947 
.(6)165 0562 459 
. (6)130 0443 149 
.(6)103 2704 854 


. (7)826 1638 832 
.(7)665 5209 059 
. (7) 539 6115 453 
. (7) 440 2094 185 
.(7)361 1974 716 
.(7)297 9879 141 
. (7)247 1119 288 
.(7)205 9266 073 
.(7)172 4036 712 
. (7) 144 9758 144 


-(7)122 4240 211 
-(7)103 7942 787 
- (8)883 3555 638 
.(8)754 5328 774 
.(8)646 7424 663 
-(8)556 1985 210 
-(8)479 8575 476 
-(8)415 2613 392 
. (8)360 4155 020 


25.0 | .(3)567 1385 543 .(5)122 2783 008 .(8)313 6949 739 





—— 
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TABLE I1I—(Continued) 







. (3) 534 9812 832 
.(3)505 2110 028 
-(3)477 6101 850 
.(3)451 9846 731 
. (3) 428 1608 021 
- (3)405 9829 189 
- (3)385 3112 389 
- (3)366 0199 892 
. (3)347 9957 969 
. (3)331 1362 854 


-(3)315 3488 491 
-(3)309 5495 828 
- (3)286 6623 418 
-(3)273 6179 176 
-(3)261 3533 111 
. (3)249 8110 923 
- (3)238 9388 342 
.(3)228 6886 114 
.(3)219 0165 553 
- (3)209 8824 591 


- (3)201 2494 260 
- (3)193 0835 554 
-(3)185 3536 630 
. (3)178 0310 300 
-(3)171 0891 785 
- (3) 164 5036 705 
- (3)158 2519 263 
- (3) 152 3130 623 
-(3)146 6677 431 
- (3) 141 2980 508 


. (3)136 1873 638 
. (3) 131 3202 493 
. (3)126 6823 653 
.(3)122 2603 712 
. (3) 118 0418 479 
. (3) 114 0152 237 
-(3)110 1697 079 
- (3) 106 4952 300 
- (3)102 9823 841 
- (4)996 2237 840 


. (4) 964 0698 884 
. (4)933 2851 680 
. (4)903 7975 033 
. (4)875 5392 866 
. (4)848 4470 959 
. (4)822 4613 955 
. (4)797 5262 609 
.(4)773 5891 262 
- (4)750 6005 505 
. (4)728 5140 038 



































-(5)110 9453 570 
. (5) 100 8500 824 
.(6)918 3758 072 
. (6)837 7472 451 
-(6)765 4677 208 
.(6)700 5455 924 
-(6)642 1215 945 
. (6)589 4492 824 
. (6)541 8786 342 
- (6)498 8422 596 


- (6)459 8437 659 
-(6)424 4479 170 
(6)392 2722 841 
(6)362 9801 450 
(6)336 2744 286 
(6)311 8925 371 
(6)289.6019 105 
(6)269 1962 143 
-(6)250 4920 591 













ees ete eed s 
en wes 








-(6)217 5529 331 
- (6)203 0422 839 
- (6)189 6778 555 
-(6)177 3553 804 
(6)165 9829 799 
-(6)155 4715 079 
-(6)145 7503 555 
(6)136 7496 434 
-(6)128 4078 366 
(6)120 6693 349 


- (6)113 4838 362 
(6)106 8057 759 
(6) 100 5938 300 
(7)948 1047 667 
(7)894 2160 708 
(7)843 9617 986 
-(7)797 0591 436 
-(7)753 2501 737 
-(7)712 2993 971 
- (7)673 9915 889 


. (7)638 1298 500 
- (7) 604 5338 699 
- (7)573 0383 707 
-(7)543 4917 120 
-(7)515 7546 374 
. (7) 489 6991 482 
- (7)465 2074 902 
- (7) 442 1712 397 
-(7)420 4904 806 
- (7) 400 0730 601 








. (6)233 3261 690 
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.(8)273 7701 591 
. (8)239 5488 892 
.(8)210 1306 046 
. (8)184 7700 144 
.(8)162 8481 482 
. (8)143 8491 976 
.(8)127 3419 126 
.(8)112 9645 999 
.(8)100 4129 777 
- (9)894 3030 827 


.(9)797 9935 200 
-(9)713 3578 436 
-(9)638 8279 197 
-(9)573 0662 221 
-(9)514 9290 691 
-(9)463 4361 622 
-(9)417 7452 730 
.(9)377 1311 492 
- (9)340 9678 883 
- (9)308 7141 691 


-(9)279 9008 467 
-(9)254 1205 055 
- (9)231 0186 414 
.(9)210 2861 992 
-(9)191 6532 449 
-(9)174 8835 859 
-(9)159 7701 896 
-(9)146 1312 710 
. (9)133 8069 469 
-(9)122 6563 680 


-(9)112 5552 554 


(9)103 3937 811 


.(10)950 7474 123 
-(10)875 1197 773 
-(10)806 2901 319 
-(10)743 5786 772 
. (10)686 3803 174 
- (10)634 1557 280 
- (10)586 4235 765 
-(10)542 7537 357 


-(10)502 7613 551 
-(10)466 1016 730 
- (10)432 4654 698 
-(10)401 5750 791 
- (10)373 1808 816 
- (10)347 0582 199 
- (10)323 0046 799 
. (10)300 8376 920 
-(10)280 3924 120 
.(10)261 5198 458 
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CNSMSNOUOH 


POLYNOMIAL 


.705 
.567 
.479 
.417 
.370 
«330 


303 
.278 
aoe 
.239 
223 
.210 
.198 
. 187 


1.000 0000 000 


9936 
0995 
4006 
2494 
3002 


3333 < 


3523 56 
4862 1 


4942 
5159 
9329 
2881 
2357 
5084 
8964 
2325 


3816 
2334 


6967 55 


6958 
1668 


0559 7 


3171 
9109 
8034 
9650 


3699 
9957 
8225 
8329 


EizZ? 3 


53 4368 





1796 986 
2302 916 
4892 929 
8672 410 


2833 163 
6643 189 
9437 893 
3 0612 483 
5 9615 377 
5942 464 
3 9132 094 
3 8760 691 
4438 900 

5808 198 


1.250 
.495 
.265 
.162 

.107 


(1) 756 
-.(1)553 


. (2) 633 
. (2)553 
. (2)485 
. (2)428 
. (2)380 
(Zao? 


(2)304 


. (2)273 


2) 246 


-.(2)223 


(2) 202 
. (2) 184 
. (2)168 
.(2)154 
. (2)142 


(2)130 


-—.(2)120 
2s 
.(2)103 
. (3) 959 


. (3) 892 
. (3)831 
.(3)775 
. (3)724 
. (3)678 
- (3)635 
- (3) 596 


. (3) 560 
(3) 527 
= . (3) 497 21 








TABLE IV 
(The numbers in parentheses denote the number of ciphers between the 
decimal point and the first significant figure.) 


a 








0000 
6054 
1515 
3535 
8088 
8359 
6130 


0908 
9407 
3476 


» 4885 


8639 
9142 
2614 


2 7311 


0187 
2463 


3998 
0129 
7203 
9521 
7227 
4807 
0020 
3115 
6262 


3120 


8521 
8217 
8702 
7057 
0846 
8019 
6845 
5856 
3801 
6074 


3550 
2499 
6048 
8225 
3828 
8307 
7675 
8425 
7465 
2062 


000 


APPROXIMATION 








688 
152 
156 
578 
375 
536 


203 
651 
563 
579 
323 
653 
820 
886 
618 
319 


033 
672 
344 
906 
928 
972 
282 
358 
196 
976 


369 
922 
Stl 
999 
788 
601 
814 
901 
211 
542 


616 
865 
512 
801 
434 
796 
752 
626 
684 
910 








c 
230, 0000 000 


2343 750 
2727 273 


2 5390 625 


4755 245 
9687 500 
8251 748 


8632 813 
8683 669 
2812 500 
9902 791 
1406 250 
6139 557 
1676 136 
9557 141 
8110 795 


5 7342 846 


0375 874 
3882 532 


7 3098 776 


8750 625 
8732 517 
2702 036 
8503 606 
9762 025 
2378 394 


2 6871 608 


0606 618 
9338 741 
0973 297 


7 2585 218 


8229 973 


5 7320 530 
2 3413 313 
5 3292 500 


6273 923 
671 945 


8388 288 


2 4592 807 


7474 061 
3043 255 


5 7979 249 


9505 362 


5 2909 319 


3722 746 


2 0889 075 
. (6)690 0318 611 








H. T. DAVIS 183 


TABLE IV—(Continued) 























































































































2.0 2.454 8611 111 - 538 1944 444 .121 5277 778 
2.5 .586 3715 278 ~.(1)824 6527 778 .(1)121 5277 778 
3.0 .214 3308 081 -.(1)211 4898 990 .(2)220 9595 960 
3.5 (1)962 5552 400 -.(2)706 2815 657 . (3)552 3989 899 
4.0 .(1)491 2101 788 ~.(2)279 2346 542 - (3) 169 9689 200 
4.5 .(1)274 0445 318 -.(2)124 4415 307 - (4)607 0318 570 
5.0 (1)163 4129 759 -.(3)607 0318 570 - (4)242 8127 428 
5.5 .(1)102 6452 931 -.(3)317 9329 351 . (4) 106 2305 750 
6.0 . (2)672 3770 510 -.(3)176 3963 161 -(5)499 9085881 
6.5 .(2)455 9791 210 -.(3)102 6597 994 .(5)249 9542 941 
7.0 .(2)318 3891 488 -. (4)622 0667 018 .(5)131 5548 916 
7.9 .(2)227 9369 385 -. (4)390 2012 053 -(6)723 5519 039 
8.0 .(2)166 7477 045 -.(4)252 2095 208 : (6)413 4582 308 
8.5 . (2)124 3142 044 -.(4)167 3566 157 . (6)244 3162 273 
9.0 .(3)942 4020 458 . - (6)148 7142 253 
9.5 .(3)725 1166 208 ; .(7)929 4639 082 
10.0 . (3)565 4114 845 -.(5)556 6161 004 . (7)594 8569 012 
10.5 (3)446 2073 095 -.(5)399 7797 905 . (7)388 9448 970 
11.0 (3)355 9882 993 —.(5)291 5234 609 .(7)259 2965 980 
11.5 (3)286 8401 475 -.(5)215 5402 971 .(7)175 9512 629 
12.0 . (3)233 2288 596 ~.(5)161 3897 791 -(7)121 3456 986 
12.5 . (3)191 2235 292 -.(5)122 2557 913 . (8)849 4198 899 
13.0 (3)157 9915 515 —. (6)936 0842 049 - (8)602 8141 154 
13.5 (3)131 4646 693 —.(6)723 8747 984 . (8)433 2726 455 
14.0 (3)110 1142 734 —. (6)564 9425 143 .(8)315 1073 785 
14.5 (4)927 9784 865 —.(6)444 6919 780 - . (8)231 6966 018 
15.0 (4)786 5252 285 -.(6)352 8408 251 -(8)172 1174 757 
15.5 . (4)670 2028 598 -.(6)282 0575 132 - (8)129 0881 067 
16.0 . (4)573 9480 513 -.(6)227 0555 132 - (9)976 8829 699 
16.5 - (4) 493 8316 295 -(9)745 5159 507 
17.0 . (4) 426 7803 550 of .(9)573 4738 083 
17.5 . (4)370 3725 753 —.(6)123 0152 522 -(9)444 4422 014 
18.0 . (4)322 6867 183 —.(6)101 4381 253 - (9)346 8817 182 
18.5 . (4)282 1879 680 —.(7)840 8165 075 -(9)272 5499 214 
19.0 . (4)247 6427 884 -.(7)700 3899 143 -(9)215 5045 890 
19.5 . (4)218 0539 471 ~.(7)586 1479 930 -(9)171 4241 049 
20.0 . (4)192 6107 529 -.(7)492 7218 558 - (9)137 1392 839 
20.5 . (4)170 6506 766 -.(7)415 9387 633 .(9)110 3076 849 
21.0 .(4)151 6295 539 —.(7)352 5353 142 -(10)891 8493 673 
21.5 - (4) 135 0983 037 -.(7)299 9440 718 - (10)724 6276 109 
22.0 . (4)120 6846 287 -.(7)256 1336 780 -(10)591 5327 436 
22.5 . (4) 108 0785 483 —.(7)219 4882 245 . (10) 485 0568 497 
23.0 -(5)970 2089 990 —.(7)188 7156 473 -(10)399 4585 821 
23.5 - (5)872 9415 063 ~.(7)162 7777 261 - (10)330 3215 199 
24.0 -.(7)140 8362 750 - (10)274 2291 863 
24.5 .(5)711 2852 655 —.(7)122 2115 427 . (10)228 5243 219 
25.0 - (5)644 0316 483 —.(7)106 3498 773 .(10)191 1294 329 
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TABLE: V 





(The numbers in parentheses denote the number of ciphers between the 
decimai point and the first significant figure.) 









eet ret 


ee 


nd Pwot| 
momo uw) 


ae 
~— 


CDMNOMNONOMON 


.(1)224 5954 598 
.(1)195 8642 756 
.(1)171 8573 720 
.(1)151 6376 163 
.(1)134 4833 894 


1)119 8326 681 
1)107 2431 572 
. (2)963 6345 096 
2)869 1189 432 
(2)786 6089 931 


.(2)714 2517 761 
. (2)650 5281 970 
.(2)594 1846 661 
. (2)544 1803 654 
. (2)499 6461 807 
. (2)459 8524 699 
. (2)424 1835 784 
.(2)392 1175 513 
. (2)363 2098 774 
. (2)337 0803 860 


a .(2)313 4026 161 
) .(2)291 8951 572 


os 
ind &WWNHN © SOC MOONINANWM 


.(1)259 2832 573 


De eh eh te eh pt fh et pet 


5 .(2)272 2750 483 
.0 -(2)254 4494 241 
22.5 - (2238 1156 895 
23.0 .(2)223 1524 850 
23.5 -(2)209 4188 368 
24.0 (2)196 7908 418 


DO DO D NO DD et tet et st tt 


N= = © 


- 595 6163 194 
— .456 9444 444 
- 181 6553 455 
—.(1)868 9782 440 
—.(1)466 0481 012 
-.(1)270 7119 270 


1)166 9293 642 
1)107 8702 752 
2)724 0120 171 
2)501 4851 420 
.(2)356 7180 657 
—. (2)259.6021 548 
-.(2)192 7113 758 
-—.(2)145 5695 568 
-.(2)111 6692 311 
—.(3)868 5125 822 


| -. (3)683 8979 612 
| —.(3)544 5806 418 
—.(3)438 0711 370 
—.(3)355 6755 034 
—.(3)291 2423 953 
-.(3)240 3543 455 
—.(3)199 7956 319 
-.(3)167 1959 380 
-.(3)140 7878 615 
- .(3)119 2394 389 


-.(3)101 5368 865 
-. (4) 869 0145 535 
-.(4)747 2977 719 
~.(4)645 5059 265 
-.(4)559 9303 930 
-. (4)487 6318 743 
-.(4)426 2652 106 
~.(4)373 9474 673 
-.(4)329 1578 113 
| -.(4)290 6609 405 


~.(4)257 4481 065 
| =, (4)228 6913 803 
| (4) 203 7079 595 
| —.(4)181 9321 409 
| —.(4)162 8931 866 
—.(4)146 1977 446 
| ~-(4)131 5158 166 
—.(4)118 5694 971 


24.5  (2)186 2576 776 | =" ¢4)107 7503 614 
(2) 174 4277 221 | -.(5)969 7978 581 












.200 8159 722 


.(1)363 8888 889 
.(1)104 8944 979 
.(2)382 4786 325 
.(2)162 0459 402 
.(3)763 8888 889 


. (3)390 4384 270 
-(3)212 7325 289 
.(3)122 1004 174 
.(4)731 8541 452 
. (4)455 0831 382 
. (4) 292 0668 942 
.(4)192 6724 344 
. (4)130 2141 757 
.(5)899 1006 061 
. (53632 8140 010 


.(5)453 1298 476 
.(5)329 5585 675 
.(5)243 1030 464 
.(5)181 6613 061 
.(5)137 3671 277 
.(5)105 0128 024 
.(6)810 9219 640 
. (6)632 0799 809 
. (6)496 9749 385 
. (6)393 9212 946 


. (6)314 6050 442 
. (6)253 0429 506 
. (6)204 8829 224 
.(6)166 9275 426 
- (6)136 8055 923 
.(6)112 7430 005 
. (7) 934 0140 025 
.(7)777 6318 298 
.(7)650 4887 492 
.(7)546 5721 085 


.(7)461 2129 835 
.(7)390 7629 285 
-(7)332 3537 754 
. (7) 283 7178 436 
. (7)243 0524 324 
-(7)208 9170 140 
- (7) 180 1547 432 
.(7)155 8321 715 
-(7)135 9946 487 
-(7)117 6202 932 
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TABLE V—(Continued) 
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| 
| 
: 
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| 
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ik ee detente 


‘ 


D 


-1.151 0416 667 
-203 1250 000 
.(1)579 2905 012 
-(1)210 1544 289 
. (2)887 9662 005 
- (2) 417 9414 336 


.(2)213 4163 324 
-(2)116 2108 929 
. (3)666 7389 843 
. (3)399 5246 884 
-(3)248 3850 322 
. (3)159 3881 480 
-(3)105 1352 375 
.(4)710 4822 114 
- (4)490 5434 324 
- (4) 345 2433 425 


. (4)247 2044 428 
- (4)179 7851 483 
- (4) 132 6177 560 
-(5)990 9817 818 
-(5)749 3410 036 
- (5)572 8402 600 
-(5)442 3498 419 
- (5)344 7903 612 
-(5)271 0905 849 
.(5)214 8754 286 


-(5)171 6092 639 
. (5) 138 0280 549 
.(5)111 7576 435 
. (6)910 5379 546 
- (6)746 2299 456 
.(6)614 9748 289 
-(6)509 4718 636 
. (6)424 1700 765 
- (6)354 8175 306 
. (6)298 1344 148 


-(6)251 5739 152 
- (6)213 1458 799 
.(6)181 2857 886 
. (6)154 7566 781 
- (6)132 5752 232 
- (6)113 9556 568 
- (7)982 6695 408 
. (7)849 9994 800 
-(7)741 7936 742 
-(7)641 5689 752 


ee 
Wwwhd- 


st a2 ce oe ee Se 


. 


prepeoeprtoe 
. 4 


.140 9722 222 
)170 1388 889 
)355 2350 427 
)988 2478 632 
)331 1965 812 
)126 8696 582 


)538 1158 874 
)247 4547 511 
)121 5567 199 
)630 9372 602 
)343 1703 316 
)194 3253 685 
)113 9706 601 
)689 3966 587 
)428 5943 973 
)273 0621 968 


)177 8469 607 
)118 1651 639 
)799 4765 550 
)549 9387 059 
)384 0787 078 
)272 0198 696 
)195 1610 699 


unk 


NNNNSNIAD DAA 


-(7)141 7056 417 


(7)104 0436 901 


. (8)771 8806 793 


- (8)578 2216 817 
- (8)437 1000 417 
- (8)333 2476 075 
. (8)256 1134 028 


- (9)490 3776 023 
- (9) 396 2862 254 
- (9)321 8393 150 
-(9)262 6168 770 
-(9)215 2622 450 





/ 


Cc 


-(1)175 0000 000 
(2)145 8333 333 
| (3)224 3589 744 


- (4)480 7692 308 
-(4)128 2051 282 
.(5)400 6410 256 


.(5)141 4027 149 
- (6) 549 8994 470 
- (6)231 5366 092 
-(6)104 1914 742 


"(8226 5032 047 


. (8)134 2241 213 
- (9)814 9321 650 
-(9)505 8199 645 
- (9)320 3526 442 
- (9)206 6791 253 
(9)135 6331 760 


-(10)904 2211 731 
. (10)611 6790 289 
-(10)419 4370 484 
. (10)291 2757 280 


. (10)204 6802 413 
-(10)145 4306 978 
. (10) 104 4117 830 
.(11)756 9854 269 
.(11)553 8917 758 
. (11) 408 8248 821 
- (11) 304 2417 727 
-(11)228 1813 296 
-(11)172 4036 712 
-(11)131 1767 064 


-(11)100 4757 751 
.(12)774 5007 663 
- (12)600 6332 473 
. (12)468 4939 329 
- (12) 367 4462 219 
-(12)289 7172 134 
-(12)229 5872 257 
-(12)182 8194 575 
-(12)147 1231 630 
.(12)117 5267 941 
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TABLE VI 


1.000 0000 000 
.745 3327 179 
619 2696 193 
.536 5078 449 
.475 9358 289 


-428 9313 952 
.391 0671 372 
.359 7514 629 
i058 BIS 330 
.310 6966 019 
.291 0527 351 
.273 8253 011 
.258 5812 357 
.244 9877 912 
.232 7844 334 


.221 7638 626 
.2i1 7588 265 
.202 6327 307 


. 186 5850 870 
.179 4905 415 
.172 9222 326 
.166 8230 401 
.161 1439 098 
.155 8424 640 


.150 8818 928 
.146 2300 606 
.141 8587 811 
.137 7432 239 
.133 8614 260 
. 130 1938 866 
.126 7232 293 
.123 4339 187 
120 3120 213 
.117 3450 034 








114 5607 471 
“111 8314 598 
:109 2654 341 
-106 8150 524 
-104 4726 355 
'102 2311 723 
"100 0842 483 
.(1) 980 2598 324 
-(1)960 5097 234 
-(1)941 5425 829 





194 2728 127 | 






























1) 386 0218 617 


.(1)321 6238 375 


(1)270 9606 497 
(1)230 5173 392 


-(1)197 8161 991 


.(1)171 0732 926 
.(1)148 9801 195 


(1)130 5610 007 
(1)115 0776 715 


.(1)101 9640 947 
. (2)907 8107 302 


(2)811 8410 815 


.(2)729 0928 821 
.(2)657 1143 441 
.(2)594 4165 421 


. (2)539 4804 055 
.(2)491 1364 663 
.(2)448 4212 624 
.(2)410 5360 674 
. (2)376 8148 358 


(2)346 6991 057 
(2)319 7181 992 


.(2)295 4734 917 
.(2)273 6258 312 
.(2)253 8854 120 


. (2)236 0035 778 
.(2)219 7661 473 
. (2)204 9879 526 
.(2)191 5083 451 
.(2)179 1874 832 
.(2)167 9032 479 
.(2)157 5486 730 
. (2)148 0297 913 


(2) 139 2638 202 
(2)131 1776 633 
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-116 7093 913 
498 5754 986 
251 6301 473 
140 7742 584 


) 

) 

) 

)846 3824 237 
)537 1649 335 
= 7417 128 
) 
) 
) 
) 
) 


fe) ig 
aan 
— tet 


243 8852 284 
172 0852 322 
124 4257 604 
918 7769 007 
690 9857 765 
528 1236 437 
)409 4730 527 


)321 5757 191 
)255 4794 154 
)205 1024 695 
) 166 2345 586 
)135 9108 167 
)112 0109 002 






WWWHDNH NNN DY 


WWwWWwWwww Ww 





ct 2 sh ee eS sn &.& & & 6 & 4 2 
POOL PLEO LO LOL mm 


-(4)513 3898 749 


. (4)470 8598 806 
- (4) 402 7015 521 
. (4)346 0719 079 





-(4)225 4506 124 
- (4) 196 9877 124 
- (4)172 7369 850 
.(4)151 9876 810 
- (4) 134 1630 697 


. (4) 118 7926 279 
.(4)105 4905 051 
- (5)939 3873 877 





-(5)493 3070 093 
-(5)446 5105 454 






-.(1)277 7777 778 


2)581 8684 896 
(2)185 1851 852 


-.(3)727 3356 120 


(3)326 7973 856 


-. (3) 161 6301 360 


(4)859 9931 201 


-. (4) 484 8904 080 


-. 
— 

- 
— 

. 
-. 
-, 
— 

. 


(4)286 6643 734 
(4)176 3237 847 
(4)112 1730 157 
5)734 6824 363 
(5)493 5612 689 
(5)339 0842 014 
(5)237 6406 110 


(5)169 6421 007 
(5)122 9175 574 
(6)904 2245 370 


-. (6)674 0640 244 











(6) 508 6263 021 
(6)388 0974 686 
(6)299 1919 424 
(6)232 8584 812 
(6) 182 8395 204 
(6) 144 7498 667 


(6)115 4775 918 
(7)927 8837 607 
(7)750 6043 467 
(7)611 0454 032 
(7)500 4028 978 


)168 1195 507 
)142 3771 352 
)121 0460 765 
)103 2932 157 
)884 5674 819 
)760 0821 534 
)655 2351 718 
)566 6066 961 
8)491 4263 585 
8)427 4401 392 


7 
7 
7 
7 
8 
8 
8 
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2.988 9351 852 
.875 4725 025 
.370 6973 366 
186 3394 083 
.104 0300 478 


)624 7216 370 
)396 1994 936 
)262 2649 076 
)179 7450 169 
)126 8009 428 
)916 6922 412 
) 
) 
) 
) 





676 8238 027 
508 9783 157 
388 9905 578 
301 5839 811 


. (2)236 8373 742 
. (2) 188 1526 456 
.(2)151 0481 065 
.(2)122 4214 851 
.(2)100 0884 111 
. (3) 824 6707 418 
. (3) 684 8389 962 
.(3)572 4725 971 
-(3)481 5811 670 
. (3)407 5132 846 


. (3) 346 7368 814 
. (3)296 5444 286 
-(3)254 8421 133 
.(3)219 9973 645 
-(3)190 7274 117 
- (3) 166 0170 278 
(3) 145 0572 508 
.(3)127 1993 361 
. (3) 111 9198 707 
. (4) 987 9413 925 


. (4)874 7564 250 
.(4)776 8023 679 
. (4)691 6366 980 
. (4)617 6240 310 
- (4) 552 8493 126 
- (4)496 0674 883 
- (4) 446 1499 515 
. (4)402 1467 932 
. (4) 365 3958 471 
- (4)328 7959. 685 


(1 
(1 
(1 
(1 
ei 
(2 
(2 
(2 
(2 
(2 
( 

















-.948 1481 481 
—.189 2894 604 
-.(1)590 7882 241 


-.(1)229 8587 984 


-(1)102 7515 921 


. (2)506 6826 853 
. (2)269 0942 361 
.(2)151 5410 433 
.(3)895 1744 340 
.(3)550 2997 477 
- (3)349 9462 528 
.(3)229 1312 716 
. (3) 153 8970 152 
. (3) 105 7119 802 
—.(4)740 7668 221 


-.(4)528 4390 327 
~. (4) 383 0865 153 
—. (4)281 7940 194 
-.(4)210 0557 062 
—.(4)158 4944 724 
-. (4) 120 9320 228 
-.(5)932 2623 816 
-.(5)725 5546 509 
-. (5)569 6913 075 
-.(5)451 0040 878 


.(5)359 7939 891 
5)289 0976 344 
5)233 8608 712 
5)190 3777 170 
5)155 9046 664 
5)128 3924 319 
5)106 2973 088 
6 
6 


)884 4715 492 
)739 4524 672 
6)621 0067 139 


- (6)523 7749 416 
- (6)443 5733 082 
- (6)377 1157 568 
. (6) 321 8064 139 
. (6)275 5833 129 
—. (6)236 7999 628 
—.(6)204 1350 268 


- ( 
-¢ 
( 
( 
( 
( 
. ( 
-¢ 
-¢ 


-.(6)176 5230 172 


-. (6) 154 0028 718 
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TABLE Vi—(Continued) 


G 





.(1)703 2407 407 
. (2)996 0214 120 
. (2)233 6419 753 
.(3)711 2449 363 
. (3) 256 2636 166 


. (3) 104 2151 284 
- (4)464 8740 588 
. (4)223 1993 819 
. (4) 143 8216 820 
.(5)610 4831 370 
.(5)341 8161 061 
.(5)198 6271 380 
.(5)119 2274 520 
. (6)736 4557 705 
. (6)466 6351 290 


. (6) 302 4952 338 
.(6)200 1684 248 
. (6) 134 9506 134 
.(7)925 4160 570 
. (7) 644 5499 552 
-(7)455 3925 745 
- (7)326 0189 201 
. (7)236 2653 096 
.(7)173 1717 709 
-(7)128 2726 524 


. (8) 959 5450 485 
. (8)724 4284 089 
. (8)551 6645 046 
. (8)423 5236 197 
. (8)327 6400 420 
.(8)255 2963 323 
. (8)200 2846 930 
- (8) 158 1422 442 
.(8)125 6316 099 
.(8)100 3843 545 


. (9) 806 5374 215 
.(9)651 4166 128 
.(9)528 7636 968 
.(9)431 2539 387 
. (9)353 3296 685 
.(9)290 7474 080 
.(9)240 2476 147 
.(9)199 3121 346 
. (9) 166 9628 406 


. (9) 138 7382 906 


re ee 


___- (9) 586 


eee 





- 


311 9212 963 
.(1)431 6767 940 
.(1)100 2196 106 
.(2)303 4820 991 
-(2)109 0241 118 


. (3)442 5904 068 
.(3)197 2080 911 
.(4)946 1621 940 
.(4)482 2607 431 
- (4)258 5707 479 
. (4)144 7403 415 
. (5)840 9223 280 
.(5)504 7006 725 
.(5)311 7158 600 
.(5)197 4943 272 


. ($)128 0172 024 
. (6)847 0785 482 
. (6)571 0651 132 
.(6)391 5919 775 
.(6)272 7356 553 
.(6)192 6912 005 
. (6) 137 9465 952 
.(7)999 6815 163 
.(7)732 7121 006 
.(7)542 7324 021 


.(7)405 9879 530 
. (7) 306 5066 664 
.(7)233 4084 850 
.(7)179 1912 403 
.(7)138 6225 823 
. (7) 108 0139 227 
. (8) 847 3860 468 
. (8) 669 0830 603 
. (8)531 5324 962 
. (8)424 7132 721 


- (8)341 2348 327 
. (8275 6048 185 
. (8)223 7117 748 
.(8)182 45606 123 
- (89149 4878 901 
-(8)123 0102 298 
. (8) 101 6445 207 
. (99843 2535 66: 
-(9)706 3889 111 
9735 7 
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5 
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5 
0 
5 
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0 
5 
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.0 
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0 
5 
0 
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0 
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0 
5 
0 
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0 
5 
0 
5 
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TABLE VI— Continued ) 
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. (1) 234 9537 037 
. (2)232 9282 407 
. (3)408 9506 173 
. (4)972 9456 019 
. (4) 282 5435 730 


.(5)947 9582 728 
.(5)355 3443 795 
.(5)145 5344 260 
. (6)641 0133 904 
. (6)300 1017 659 
. (6) 148 0060 623 
.(7)763 5619 773 
. (7) 409 7430 989 
.(7)227 6566 932 
(7) 130 4646 031 


.(8)768 7010 766 
. (8) 464 4029 703 
. (8) 287 0085 966 
. (8) 181 0859 646 
-(8)116 4409 022 
.(9)761 8900 625 
. (9) 506 5928 672 
(9)341 8901 625 
.(9)233 9443 041 
.(9)162 1522 356 


-.(9)113 7486 502 
-(10)806 9508 539 
-(10)578 5246 623 
-(10)418 8850 767 
-(10)306 1363 264 
-(10)225 7107 282 
-(10)167 8017 503 
-(10)125 7344 857 
-(11)949 1786 023 
-—(11)721 6269 402 


-(11)552 3276 496 
-(11)425 4604 167 
—(11)329 7379 935 
-—(11)257 0A22 413 
~—(11)201 4893 910 
-(11)158 7837 578 
-—(11)125 7671 107 
-(11)100 1019 200 
-(12)805 1862 542 
—(12) 642 9736 393 





S 


.(2)178 2407 407 
.(3)127 3148 148 
. (4) 169 7530 864 
.(5)318 2870 370 
. (6)748 9106 754 


. (6)208 0307 432 
-(7)656 9391 889 
.(7)229 9287 161 
. (8)875 9189 186 
. (8) 358 3304 667 
.(8)155 7958 551 
.(9)714 0643 358 
.(9)342 7508 812 
.(9)171 3754 406 
. (10) 888 6133 957 


. (10) 476 0428 905 
.(10)262 6443 534 
. (10) 148 8318 003 
. (11) 864 1846 467 
-(11)513 1096 340 
.(11)310 9755 357 
. (11) 192 0731 250 
.(11) 120 7316 786 
.(12)771 3412 798 
- (12) 500 3294 788 


.(12)329 1641 308 
.(12)219 4427 539 
.(12)148 1238 589 
.(12)101 1577 573 
.(13)698 4702 287 
. (13) 487 3048 107 
. (13) 343 3283 894 
.(13)244 1446 325 
.(13)175 1472 363 
.(13)126 7022 561 


. (14) 923 8706 171 
. (14)678 7620 861 
. (14) 502 2839 437 


. (14) 374 2507 816 
. (14)280 6880 862 
.(14)211 8400 650 
. (14) 160 8415 309 
. (14) 122 8244 418 


(15)948 6730 535 
- (15)728 0195 608 
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TABLE VII ; 
(The numbers in parentheses denote the number of ciphers be- 
tween the decimal point and the first significant figure. 






























~p A’ B’ 
3.5 28.751 2015 275 -2.018 4913 853 
4.0 1.362 9280 045 ~.639 9553 571 
4.5 826 9536 776 ~.286 6103 525 
5.0 '557 2123 756 -.150 4344 206 
5.5 .399 2748 295 -. (1)869 6309 477 
6.0 "298 3433 421 ~.(1)537 5591 718 
6.5 '229 9463 348 -.(1)349 3835 704 
7.0 "181 5696 107 ~.(1)236 2100 221 
7.5 "146 2040 440 ~.(1)164 8961 618 
8.0 “119 6560 886 ~.(1)118 2279 748 
8.5 .(1)992 8681 536 ~. (2)867 1239 512 
? 9.0 -(1)833 6752 283 -. (2)648 5413 101 
9.5 -(1)707 2793 855 ~.(2)493 4138 461 
10.0 -(1)605 5349 149 -.(2)381 0899 486 
10.5 .(1) 522 6404 211 -.(2)298 3079 274 
} 11.0 -(14)454 3790 237 -. (2)236 3306 957 
11.5 -(1)397 6190 688 -.(2)189 2706 474 
12.0 ‘(1)350 0205 660 ~. (2)153 0798 651 
12.5 -(1)309 7896 316 -.(2)124 9247 269 
13.0 (4275 5429 712 -.(2)102 7891 576 
13.5 .(1)246 1999 134 -. (3)852 1744 589 
14.0 -(1)220 9073 683 ~.(3)711 4425 518 
14.5 -(1)198 9854 583 ~. (3) 597 8026 293 
15.0 .(1)179 8875 910 -.(3)505 3397 258 
15.5 .(1)163 1707 725 -.(3)429 5745 974 
16.0 .(1)148 4732 835 -. (3)367 0820 942 
16.5 -(1)135 4977 156 ~. (3)315 2193 163 
17.0 -(1)123 9979 553 -.(3)271 9296 956 
. 17.5 -(1)113 7691 065 —. (3)235 6002 537 
18.0 (1) 104 6396 241 -. (3)204 9565 434 
18.5 .(2)964 6512 317 -.(3)178 9845 869 
19.0 _(2)891 2347 318 -.(3)156 8723 569 
19.5 -(2)842 5297 627 -. (3) 137 9655 374 
20.0 .(2)765 3875 595 -.(3)121 7338 175 
20.5 .(2)711 3114 773 -.(3)107 7450 175 
21.0 "(2662 2270 210 -.(4)956 4508 777 
21.5 -(2)617 5695 829 -.(4)851 4293 652 
| 22.0 .(2)576 8498 581 -.(4)759 9627 856 
22.5 .(2)539 6419 780 -. (4)680 0595 916 
| 23.0 .(2)505 5744 586 -.(4)610 0441 976 
23.5 -(2)474 3260 497 ~.(4)548 5160 065 
24.0 .(2)445 5992 272 -.(4)494 2969 537 
24.5 .(2)419 1587 794 ~. (4) 446 3969 384 
25.0 .(2)394 7661 411 -.(4)403 9598 359 
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— 
.357 6197 452 


.(1)798 5119 048 
.(1)269 7269 968 
.(1) 111 5137 722 


. (2) 523 4528 750 
. (2)268 7939 211 
. (2) 147 7366 521 
. (3)856 9155 732 
.(3)519 3903 212 
. (3)326 6117 660 
.(3)211 9254 433 
. (3) 141 2859 194 
. (4)964 5009 167 
- (4) 672 3458 517 


. (4)477 5025 292 
. (4) 344 8411 857 
. (4)252 8236 420 
. (4) 187 9176 343 
. (4) 141 4318 835 
. (4) 107 6721 454 
. (5) 828 3962 809 
.(5)643 5779 618 
.(5)504 5238 369 
-(5)398 8437 502 


.(5)317 7726 592 
.(5)255 0351 049 
. (5)206 0875 950 
. (5) 167 6061 262 
.(5)137 1349 784 
-(5)112 8433 182 
. (6)933 5432 357 
.(6)776 2421 574 
. (6)648 5562 423 
. (6)544 3500 271 


. (6)458 8701 286 
. (6) 388 4099 727 
. (6) 330 0128 092 
.(6)281 5293 946 
. (6)240 9925 109 
.(6)206 9976 250 
. (6)178 3794 880 
. (6)154 1991 740 
. (6)133 6979 531 
.(6)116 2537 745 
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Cte 228 F329 S 2 


POLYNOMIAL APPROXIMATION 


. (1) 173 0659 191 
. (2)282 3837 868 
. (3)732 8051 663 
.(3)241 1381 219 


. (4)925 0558 091 
- (4) 396 2769 318 
. (4) 184 7282 763 
.(5)921 2018 141 
.(5)485 5539 780 
.(5)268 1183 076 

(5)154 0554 574 
-(6)916 1750 131 
.(6)561 5350 601 
. (6)353 4749 049 


.(6)227 8602 485 
. (6)150 0558 578 
.(6)100 7434 807 
. (7) 688 3248 748 
.(7)477 8804 517 
. (7) 336.6794 370 
.(7)240 4245 028 
. (7) 173 8435 375 
.(7)127 1625 885 
. (8)940 2155 070 


(8)702 1757 322 
(8) 529 3336 632 
(8)402 5511 467 
. (8) 308 6648 353 
. (8)238 5149 470 
. (8) 185 6576 541 
. (8) 145 5130 248 
. (8) 114 7942 689 
.(9)911 2100 394 
.(9)727 5436 127 


. (9) 584 1368 200 
.(9)471 4844 101 
- (9) 382 4793 533 
.(9)311 7704 559 
.(9)255 3016 408 
.(9)209 9789 105 
.(9)173 4277 959 
-(9)143 8154 281 
.(9)119 7203 889 
- (9) 100 0289 166 
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1.579 8913 122 
-344 9276 620 
115 4442 217 

.(1)475 1410 972 


.(1)222 4862 588 
-(1)114 0808 001 
- (2)626 4468 334 
. (2)363 1390 089 
.(2)220 0141 501 
-(2)138 3131 064 
. (3)897 2722 669 
. (3) 598 0994 308 
-(3)408 2508 260 
. (3)284 5633 018 


. (3)202 0841 107 
. (3) 145 9325 974 
- (3) 106 9873 276 
-(4)795 1834 088 
- (4)598 4598 613 
-(4)455 5973 535 
- (4)350 5159 780 
. (4)272 3103 032 
. (4)213 4710 252 
- (4) 168 7544 633 


. (4) 134 4512 878 
- (4) 107 9058 431 
. (5)871 9546 641 
-(5)709 1357 523 
. (5) 580 2104 892 
-(5)477 4317 347 
. (5)394 9737 353 
. (5)328 4199 721 
.(5)274 3965 893 
-(5)230 3075 611 


.(5) 194 1416 638 
(5) 164 3306 063 
(5) 139 6233 668 








. (6)875 7714 928 
.(6)754 6921 922 
-(6)652 3888 702 
-(6)565 6513 791 
- (6)491 8478 631 







































-.291 1769 387 
-(1)455 1504 630 


—(1)115 8781 297 
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)377 5757 988 


)144 0406 919 
)614 9607 748 
286 0508 258 
)142 4423 327 
750 0507 440 
)413 8794 788 
)237 6853 941 
)141 2990 508 
)865 7917 O11 
)544 8786 925 


)351 1847 710 
)231 2393 114 
)155 2312 455 
)106 0518 396 
6)736 2301 182 
-.(6)518 6638 399 
-. (6)370 3629 282 
-.(6)267 7874 363 
-.(6)195 8739 375 
-. (6)144 8213 551 


-.(6)108 1535 449 
-.(7)815 2967 606 
-.(7)620 0115 559 
-.(7)475 4002 735 
-.(7)367 3519 091 
-.(7)285 9398 751 
-.(7)224 1091 135 
-.(7)176 7967 053 
-.(7)140 3360 406 
-. (7) 112 0487 209 


-.(8)899 6217 202 
-.(8)726 1234 346 
-. (8)589 0458 851 


b&&WWWHY 
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-.(8)480 1471 084 


-. (8)393 1799 685 
-. (8) 323 3791 671 
-.(8)267 0876 406 
-.(8)221 4825 166 
—. (8) 184 3745 724 
-. (8) 154 0485 226 
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. (1) 143 3986 442 
.(2)165 3852 513 
. (3) 325 3719 022 
. (4)847 0633 624 


. (4) 264 7923 510 
.(5)944 9259 723 
.(5)373 3302 227 
- (5) 160 0116 167 
.(6)733 3626 200 
.(6)355 6040 392 
. (6) 180 9471 484 
. (7) 960 0363 156 
.(7) 528 3674 230 
.(7)300 3768 815 


.(7)175 7761 725 
.(7)105 5698 126 
. (8)649 1137 736 
. (8)407 7298 452 
.(8)261 1497 436 
. (8) 170 2826 250 
. (8) 112 8752 998 
.(9)759 6818 749 
.(9)518 5449 520 
-(9)358 6183 357 


.(9)251 0639 560 
.(9)177 7849 669 
(9) 127 2480 223 


.(10)919 9584 852 
. (10)671 4105 266 
. (10) 494 3960 450 
-(10)367 1241 847 
. (10)274 7920 816 
.(10)207 2366 516 
. (10) 157 4099 489 


0)120 3776 663 


1)717 5522 633 
1)558 9721 931 


1 

.(11)926 5399 250 
1 
1 


(11) 437°8836 453 
-(11)344 8668 374 
-(11)273 0031 904 
-(11)217 1767 993 
-(11)173 5819 878 
-(11) 139 3623 589 
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POLYNOMIAL APPROXIMATION 





.(1)545 8043 981 
.(2)616 8981 481 
.(2)120 1878 234 
.(3)311 2518 155 


. (4) 969 9931 081 
. (4)345 4902 916 
. (4) 136 3314 118 
.(5)583 8397 737 
.(5)267 4300 767 
.(5)129 6221 514 


"(6)659 3767 449 


.(6)349 7616 947 
.(6)192 4628 423 
. (6)109 4008 386 


.(7)640 1325 618 
(7) 384 4277 647 
.(7)236 3567 152 
. (7) 148 4557 926 
.(8)950 8148 611 
.(8)619 9571 695 
.(8)410 9394 710 
.(8)276 5670 073 
. (8) 188 7758 141 
.(8) 130 5524 791 


.(9)913 9675 989 
-(9)647 1965 291 
-(9)463 2203 741 
. (9)334 8890 426 
. (9) 244 4091 600 
.(9)179 9705 267 
. (9) 133 6401 141 
(9) 100 0289 750 


(10) 754 3731 214 
-(10)572 9940 142 


. (10) 438 1898 319 
-(10)337 2711 214 
.(10)261 1964 982 
.(10)203 4711 966 


. (10) 159 3934 600 


.(10)125 5342 827 
. (11) 993 7516 417 
-(11)790 5382 130 
.(11)631 8492 407 


. (11) 507 2869 968 








H. T,. DAVIS 


TABLE VII—(Continued 


2 7 
3.5 —.(2)270 9986 772 . (3)135 1095 994 
4.0 -.(3)227 3478 836 . (5)844 4349 962 
4.5 -. (4)343 6965 064 -(6)993 4529 367 
5.0 -.(5)713 2482 623 .(6)165 5754 895 
5.$ -.(5)182 5352 461 . (7)348 5799 778 
6.0 -. (6)544 3210 423 . (8)871 4499 445 
6.5 —. (6)182 6693 153 . (8)248 9856 984 
7.0 -. (7)674 0025 445 .(9)792 2272 223 
1.9 —. (7)268 9333 213 .(9)275 5572 947 
8.0 —.(7)114 6212 362 . (9) 103 3339 855 
8.5 -.(8)516 9083 906 (10)413 3359 421 
9.0 —. (8)244 8220 580 . (10) 174 8728 986 
9.5 -.(8)121 0509 065 .(11)777 2128 825 
10.0 -.(9)621 7703 060 . (11) 360 8488 383 
10.5 —.(9)330 4159 767 .(11)174 2028 875 
11.0 -.(9)181 0370 007 . (12:)871 0144 373 
11.5 -.(9)101 9713 676 .£12)449 5558 386 
12.0 -. (10) 588 9829 883 . (12)238 8265 393 
12.5 -. (10)348 0938 563 . (12) 130 2690 214 
13.0 —-.(10)210 1044 796 (13)727 9739 432 
13.5 -.(10)129 2993 719 .(13)415 9851 104 
14.0 —.(11)810 1043 368 .(13)242 6579 811 
14.5 ~—.(11)516 0618 886 . (13) 144 2831 239 
15.0 —. (11)333 8664 755 . (14)873 2925 919 
15.5 -.(11)219 1292 642 . (14)537 4108 258 
16.0 -.(11)145 7726 865 (14)335 8817 661 
16.5 --. (12)982 0445 539 (14)212 9981 931 
17.0 -. (12)669 4697 055 (14) 136 9274 099 
17.5 -.(12)461 4992 604 15)891 6203 434 
18.0 ~-.(12)321 4946 024 -(15)587 6588 627 
! 18.5 -.(12)226 1959 235 . (15) 391 7725 751 
19.0 -. (12) 160 6464 099 . (15)264 0206 484 
19.5 —.(12)115 1112 743 .(15)179 7587 394 
20.0 —. (13)831 8162 819 .(15)123 5841 333 
20.5 ~.(13)605 9221 411 . (16)857 5225 577 
21.0 —. (13)444 7507 764 . (16) 600 2657 904 
21.5 -.(13)328 8288 593 . (16)423 7170 285 
22.0 -.(13)244 8106 616 - (16) 301 4909 626 
22.5 —-. (13) 183 4686 278 -(16)216 1633 317 
23.0 —. (13) 138 3685 504 . (16) 156 1179 618 
23.5 -. (13) 104 9876 917 - (16) 113 5403 358 
24.0 ~.(14)801 2235 814 .(17)831 2774 587 
24.5 —. (14)614 8704 752 -(17)612 5263 839 
25.0 -. (14) 474 3701 124 


nicest en 





THE PRECISION OF THE WEIGHTED AVERAGE 


By 
H. Minicer Gruzewska, Pu. Dr., 
Warsaw, Poland. 


Introduction. We shall consider an infinite universe of ele- 
ments characterized by pairs of variable quantities x;, y, 
((=1,2.3 ---+-++ ,oo), Regarding the values of y; as the weights 
to be assigned to the variates x; the weighted average of x; may 
be denoted by x y? i.e. 

Xy = hq Yy * %, Vz +X Vo °° 
%* 2 + 


All possible samples, each of WV pairs of variates x, y (¢=123..,N) 
that can be selected from the universe constitute the sample popu- 
lation, 

Our problem is to obtain an expression for the probable pre- 
cision of the weighted average x, according to certain hypotheses 
concerning the selection of the pairs of variates in various samples. 
Professor Bowley discussed this problem in his paper on “Precision 
of Measurement Attained in Sampling’ presented in Rome during 
the Congress of Statistics 1925. In this paper Professor Bowley 
made no allowance for correlation between the variates %, and y. . 
In the present paper I shall attempt to eliminate this restriction. 

I am greatly indebted to Professor A. L. Bowley for suggestions 
regarding the simplification of the proof of theorem II and for his 
general assistance in improving the form of this paper. 

Let us suppose: 

(a) the pairs of elements selected from the universe are indepen- 
dent of each other, 


1Cambridge 1925, 
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(b) the number of pairs in each sample is so large that 4 
be neglected, 

(c) the frequency surface */x,y/is normal, i.e. the probability 7 
that the particular pair x,, y- will be selected is, 


may 


si - a me: 
i ill esata pcs), 4 */- Pte, 
é 
mz Genre 


where % y¥ @,q and / designate the parameters character- 
izing the surface, 

(d) the a priori chance that the parameters of (c) are equal to 
given values may be defined by the function A7x,, yg, 7) 
where this function is integrable, can be expanded in Taylor’s 
series and converges over the whole space. 

Let the calculated characteristics of the sample be, 

Xy the weighted average of x, with y. as weights (taL23.-.-N) 

Y the arithmetic average of the vedi Mi (b=1,2,3---,N) 

X the arithmetic average of the variates x,,( a, 

5, the standard deviation of the variates x,,/ » ») 

Sy the standard deviation of the variates yf » s 

® the coefficient of correlation between the variates x, and 

(Poh Mlh 
The expressions representing the most probable values of the 
weighted average and its standard deviation are independent 
whether the parameters of the universe are known or unknown, 

In Parts I, II, and III we shall consider the respective cases, 

(a) when all parameters are unknown, 

(b) all but y are unknown, 

(c) all but y and, are unknown. 

In Part IV we shall consider the _ case of Part I 


when there are A sets of elements, i.e. xty, {rte ea — 
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in the universe. In order to consider this case we shall, at the be- 


ginning of Part IV, slightly change the hypotheses and modify the 
above notation. 


PART I 


CasE WHERE ALL PARAMETERS ARE UNKNOWN 


Theorem (1.1). lf hypotheses (a) and (c) are satisfied and 
if Sz Sy Z- R2)4 O then, the most prohable value of xy, isXy. 

Proof. If 4 denotes the probability of getting /V particular 
pairs of variates, then it follows from hypotheses (a) and (c) that. 








pI Si a 


(1) _N ’ 
° eg oFH yt EF 


Taking the partial derivatives of A with respect to x%y @%, 
and 7, setting them equal to zero, and solving for x y q@ 
and 7 , yields 


7 


> 
Y 


ok. = 5 
(2) — 2 ml 
y= Zz, Py = dy, 


hence x2#X, ys¥Y oO -=5,, G2 Sy and r= ® will 


make 7 a maximum, and the maximum value of 4% is, 


1 NV 
(3) a aganre| ; 


S2eX)* 5, Sly-YP", R55, ce 
ie os 








a ee 


og TT ee eS Ned 
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The weighted average x, and X) can be expressed in terms of 


%Y, My, Y, 7 and X, Y Sy, x , & respectively, 
NV 
X72 (x; YY y; (by definition) 
é=f1 
13 n “ 
N EX Ye -KYHAKY 4 


oe iet (since ve ¥% = Y by definition) 


S, 
a oe (since =, = LE ay ¥, -XY= RSS, ) 





(4) 
similarly. 


Pr’ Ov SO. 
~_* ~ Vex 
rw 





This proves theorem (1.1). 
Theorem (1.2). If all four hypotheses are satisfied and if 
Sy Sy A- W)4O then the & posteriori probability P that the 
sample came from the universe, the weighted average xy of which 
satisfies the inequality | x, -X. y| < € ,can be une by, 


€ 
Pas mod * &, where 


2 PE fe }} 


(5) 
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Proof. It follows from (4) that, 


Oy Jy , R Sg Sy 
yY Y 


wo = xy~Xy- 


Substituting the above value of (-X. Jin (1) we shall have, 


Bs uf a “are V where 
Ay <™ 7-2 
2 2 -_YV\2 
(6) 4 We v2.(<#)-//- 2reR 2% (1-4 Z") 
Ze/ Ny yy 7 
and 


yz- Ox a = Ay, Roy srf X-2 rs. Gy | 
Oa! Sx” 2 “oy ¥ 


ty-KXy= AS, Oe-See A'S, 
Let: ig . ve ee 
p< F%. 4-24 
then, 
P / _ pe ” N 
7? J e\V7l-2 ot pF - 
Tmax. (LA N1eA"N1- (Pra) in which 





1 1 LUC +0) 
3 ocean all fos eS" 
(1) \ We 4 nt a WA) er" a” 








and 
f + BS, a" LA" 
V =- CZ: ee as 
pea lO FP ONEG F, >): 
yY 


} 





} 


gn | I Se TS 
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P 
Taking the logarithus of ———we shall have, 








max 
pa °F Dp “max =A, where 
(8) A=const + log (Lea) 


ws, x 
+ Logllra eZ ke levees aos Ww 
Expanding A in terms of the small quantities A/A” 7740 
4 
to second powers inclusive and letting A= a obtain 


Pax 





- log = -A,*+A, where 
/ OA | we (2) 
A= de? Oa’ peat “oe or 
a nee 
A |, = const. + ae 
LRAIL-AD | Ke PAE Ya" (t-K Yo F 
(t-27 (1-RY(1-A7) 


LREATLAHYD po _ &thit-xaDa'|* 
(84° GZ RYL-AY |? ~ 1-R%Afe-R*) 


LAA [t-R-H 2) kata! _\2 
* 1-40 HL +2) Lo2|LRYD-k 2 * ae RY- aD 


A‘+ eT 
‘for? (1-R*(1-k?)| 


(We shall make use of the above substitution in the next paragraph.) 
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Therefore the probability of getting a particular set of NV pairs of 
variates can be expressed approximately by, . 


; -~NA 
(9) 2n= aconst times © P 


Then it follows from hypothesis (d) and (8’) that the @ pos- 
teriori probability that the sample came from the universe— 
the weighted average x, of which satisfies the inequality [x Use. 


whatever the parameters z, YZY and 7 may be—is expressed 
by, 


Ayre 2 ,/ -M(A,+Az) 
«Jf &, a °° ar 
J ey, Ie vy 


(ip et 


00 / 
-N(A,+A,) 
ff ftw, mare espe : he Op 
~ Qo -/ Y 


We may write, 


~ NIA, +Ag) 
\(e,, ¥, Gy,G, re 


ees fe Nd? 
- NMA lerA,) |i -RUKY/ 
=f e 2 
(11) Bye Vo e+ Dy, CP 
2 
-M%,-4, ) 
- G2 
“os, ¥, Gg Ie ’ 
where ; 

Oe f - =) 
“ae 211 p7/7_py2 i ——_/ = 
T= JF /1+ -z (1-4 ? | since S a, 

and 
“N(A//2 +Az) 





gg TR mc 


Se ca RR 
TOT I, a 


ee 
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| 
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| 
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Let, E=|N(xy-X,) 


and 


(12) Ae)-/-/- Af pgrtyr-t)ay..ar 
ef . Z) 
then, of age SaeffolgiJe bo 


It follows from (8'), (11), and (12) and hypothesis (d) that 
Om iw. p) can be developed in Taylor’s series for all values of /V, 
hence, 


Fu 


O/ jx) dio Eolend(E)g (o)+4 fe) 0 a+ 
(13) - Ne) pg) Dial | £ E Gro pe 
fos Piolr--\= Dra) + (5) P(o)+ Ux). 


Neglecting terms of order of G Ss ) we shall have, 


“ce 


c GSA -€ 
(14) pf on io)\e bff [Aa (7 -)plal\e ee 


~ eo 
but, fm ad eh, See fe UE J ’L=D9 (odd function) 


é//VV 
— Ty" 
and oe 9S’ fs V7, 
-oe 
EWN ._/E )2 
ici, made s a 
ence, “ra / 
og, 
Let o gn and F=VNt 
y2v 


a € 25 
then P= VP; i e at This proves theorem (1.2) 











PRECISION OF WEIGHTED AVERAGE 
PART II 
Case WHERE y IS CONSTANT’ 


Theorem (2.1). If hypotheses (a) and (c) are satisfied and 


if Sy, JS, (1-2) 4Othen, 


(1) 


where &%, g, “4 and % are the most probable values of a 


(la) g- 5, ft Bh # 


(lb) og “Sy[1+4;* 


a 


(le) = PUL Y/(1+ PK, * 
(1.d) x= Kyra [A+ % (6-4) 


4? “2 Y, ii 


? 


and xy respectively, and, 


(2) 


J, y-Y 
ae, Ge 
y 

o. y-¥ 
7 sr 


Proof. The probability of getting /V particular pairs of vari- 


ates is given by (6) of Part I. Taking the partial derivatives of 


7, with respect to &% 


+ * and xy ,and setting them equal 


to zero, we obtain, 


(3) 


(3.a) Ov? = 2(1-r'7)+ q We =O 


sa 


‘ 


Alyy A 


< 


(3.b) -2(1-rI +a W, 


=O 
Py 


aq 


(3.c) 


a 
YU 


= 201-7 2)-2r W-(1-r2) W,, =9 


0% 
Oxy 
'Case where all the parameters but y are unknown. 


(3.d) eee 


a, TTT 
ee TT 


a ET TTT 





oS SE ge ST SO ET Te TT TT 
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/ 


where WG, WwW, and Ww’ mean the partial derivatives of W 
« Y 


with respect to a, G and 7 respectively, 
But, 


Oe og, = Vay, 2B +érk 2ey 
x Py ¥;)2 
Me, 246%, -2[tPPe2re 8 Sg x. 2t-r fF ) 
S, Sy - Yy2 


since V<O, we obtain, 


(3a) (f-r 9. (EJ ere % w°¥ 20 


a r(% i *)* 0 
(3’.c) rit-rp-r|(BS, - ) ‘|e 2X fro 


Solving for 








(8')} (8°) (tr (BI) re? 2S 


Re, Dy and 7 from (3) and making use of the sub- 
stitutions from (2) we get the most probable value of ZF and +, 


(4a) gag - de ee* 
(4.b) G-& = Sy len? 
N40 rege |O+Kd tee?) 


and from (3.d) we obtain, 
[oa nym, «Ky - 25H ng (ok) 
Since 4, = “ca we get from (4.a), (4.b) and (4.c), 


(4’.a) Seg, |1-347 


o ¢ 
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(4b) Sy = [1-47 


(4’.c) R=, |ia- kK, WW1-a ke 3 
hence, 
R55 * GG re (L-4 7) 
Substituting the above ain of PSY dy in (4.d) we obtain, 
(4’.d) Xy=% XY + [A (4,-4)| 


This proves theorem (2.1) 





If we denote the maximum probability by 4,,then, 
( ) Mae ~ aoe ara | 


Theorem (2.2). If all four hypotheses are satisfied and if 
Sy(t-P7)#0 then the a posteriori probability P that the 


sample came from the universe, the weighted average x, of which 





satisfies the inequality | Sy Xyl <€,can be expressed by, 
ied 
t/- 2G Gg where 
. 
(6) 
D, a_i 2) (Le Cl+ kk, )* 


Proof. Let nel-nke 1 21k >0 then by substituting the 
values of Sy, Jy and & from (4’.a), (4’.b) and (4’.c) we get, 


2In this case the function Fly. Y, Ie g,, cin (d) is Fy Py rr) 





| 
| 





OO 


mm Sg me 
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= ZL “seme” 
oe 2nfd-r) where 
(7) 
WeVSn, Jhaspavan Lo (tr BB) 
V«- | oF Hak Jer y-¥ gy 
De Jy Py 
hence, 
og it 
a) 
(8) 7% oe LB Cake 
Fmax (eZ yY pe) "e 


Taking the logarithm of z Praand letting 


G=«Gl(trA'), re(fy +) 
neers Xy=%,+g2’ 
we shall have, 


f nw 0g ZS “max =A 


where 


(9) 
‘ “) 2 2 £ 
A = Const. + leg (Bede log (LeA),F log [Hera bataser} wv, 


Expanding A in terms of the small quantities 4’, A” @‘ and - 
we obtain, 


Z tog et ~ const.+A,+A, where 
A,= hi (2g%gtuce d's Leg tt(h-th,)|2 ” 
. [s4". A(nvek,) O-2g(hek,Ja a,-eglheh,) L'a” 
~2( moh, )dpa-2rt-4, AK” 
20[t-& Ck 2h,)| Ajo-215 (f-4, DA zo} and 


7°24, ZA , POA -) 
ad a ae * + 
ones En ("Ss an” ba" ea" de 


(10) 


(A) 
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The expression representing the value of A, is quadratic in 
form in terms of the variables 7’ Ad’ and a where all the co- 
efficients are positive, 


r 2(1-r,2) 7— 2-174 07h (h+ 2k, ) 


, Abs 4.5% (kev ch, )| se t kt-cZhe4)-k, t-e2) ae 11-k4) 
11) ” Bt 2)(2-r 245° (keh, J 2{[1- te ceh*(1-5 5% 7)] 


age h(heZh){ ., (hrkld'sg t-KYd +|1-k(he2k,)) - 


‘ 1-1, lokh,)*+ (te DRA-K (0 2 [Ak -6% tekk, )\ 2’ ¢ 
© [4% gth(h+ch, )| p? (L-1,7Nlekh (Leg Uh (1-k) 
a’*(t-k) 


* 2 a[(L-r 2)(1+k, J? +(1+ 1,7) 4 41-47) 
For the rest of the proof of this theorem we proceed as in 
Part I and can obtain, 


ao, (1+4k, )* 
A(Lon7+(t-7 ~ ‘C1-k, J? 


Notice that if y=Y then, 


(12) oy == 


KyzhjnO, GaSe 1 Gx Se 1G°R and tty 


(13) Fy = ay = | 1-Fe4+k? (£+ 2%) 


hence Fy <o if R#O where & is given by (5) Part I. 


PART IIl 
Cas—E WHERE y AND Oy ARE CONSTANTS? 


Theorem (3.1). If hypotheses (a) and (c) are satisfied and 
if 5, 5, (2/40 then, 


8Case where all the parameters but y, gy are unknown. 





| 


— eee 
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S foie « .. omen = 
(1a) g, = 3x [Pap (LR Sy ‘ 
/ 
(1}2 (1b) 4 Bo, | [ef 957 
RPS, S, RESyry-LY J, PSC 
1. od, ~ augicdhe <q Zsen Gall pei «ae 
(1.c) %=Xy YY “/_ (=) 
a 
where g, 7% and x, are the most probable values of a, - and 


xy respectively and 
Son: ams yy! SF ée 
Theorem (3.2). If all four hypotheses* are satisfied and if 
Sx Sy (1-P7)#¢O then the 4 posteriori probability / that the 
sample came from the universe, the weighted average x y of which 
satisfies the inequality | ~,, -Xy | <€ can be expressed by, 


2 = 
Woy J, 


Oy - x la1-n2)[4-(E) | 


Notice thatif y-Y and gy 





«Jy then, 


—_ gf ag TO a OT | a Ty, TT 


G-Se, BP; wey and 


Sy = Fy “7 | (1-22) (4044) 


hence Ty < Oy if P¢O 

where oy’ is given by (12) Part II. 

( As: the proofs of theorems (3,1) and (3.2) do not differ from 
the proofs of theorems (2.1) and (2.2.), we shall omit them.* 


(3) 


Me 


eee 


4In this case the function Fly, y. Guo, in (d) is Flty, oq. 7 ) 
*Part I and II were presented in Wilno during the II Assembly of 
Polish Mathematicians. 
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PART IV 


In this Part we shall consider the generalized case of Part I 
where there are & sets of elements characterized by pairs of vari- 


bl wiei xt f Ce l23, ere _& 
able quarilities, vy; fe 423 al 
2 # 
7 
Let, x= &— -Exy — 
LAp 1 A 


where xf is the weighted average of the variates a with yf 


as weights, and 4 the sum of these weights. Our problem is to 
obtain an expression for the probable precision of the quantity x 
according to certain hypotheses. 

We shall replace hypothesis (b) of the introduction by hypo- 
theses (b’ ) and (b” ) where, 


(b" ) the number (/V= NV, +N, +N, +-------4M,) of pairs in 
each sample is so large that Z may be neglected, 


) each of the numbers Nel f= 123 ..----4) of pairs 
frum separate sets is so large that a has a significant value, i.e., 
Ne 


W = WI? O 


Let us replace in hypothesis (c) A by F ri V:123...,h4 ) 


fr . od 
and %, ¥, Oy, %, 7 by x; Yyta %.F,, vy and refer to the 


corresponding general psa by (c’ : Likewise if in hypo- 


thesis (d) we replace F(x, BeiPy, by Flat vial af tp) 


we obtain the generalized ae (d‘ ). 
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\Ve shall denote the calculated characteristics of the sample by 
of wlest af af . 
XX, a. dX, Jy, Ry lielZg -++5Np) 
corresponding to the values Xy,X, Y, Sy, Jy, Ras defined 


in the introduction page 197. 


Theorem (4.1). lf hypotheses (a) and (c‘ ) are satisfied 


and if (1-R) 5S £5540 then the most probable value of x is X 


where, 
A 
x-£4f 4 
/ A 


Proof*. Let A, be the probability of getting a given set of 
N pairs of variates x; , y;? , then it follows from hypotheses 


(a) and (c ' that, 





. where 
eragaf |1-rp)? 











x of Y g,* 
(1) , and 
™ 5.¢ —- 8 (" 7) 
a= > ane +f aes et 
of \ Sf y? é af yt 


*The proofs of the theorems (4.1) and (4.2) shall be given in very 
abbreviated form as the method of proofs of these theorems does not differ 
from the proofs of theorem (2.1) and (2.2) of Part I. 
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Let, 
' eo 2 ees: 
x-A=<D; uy -Xy =I Lyi 
- t 
y?-Y*: aF%, : o,f = 5, (1+A,); 
(2) fold --&. 
of 252 (105): ry =Rel1+p,) 
yy) gts Fg eaygt =*hy 
2 Ag J, 
o, a - vp , y% =Ayp 
then, 
7 


and we cau also express the unknown quantity dd, =(=/,2,---,k) 


in terms of D and the independent variable 2p (PeLag .--. h-L) 
as follows, 


1(D 
orn (2. np) 02 1,2,---, 4-1; 


(4) aot 
-i[(2 
Ly ty (z 7 f 2,) 


Hence it follows from (I) that, 





a a 


— Tg mn 
— , - 





gy AI A ee 


ly 


—— ~~ 


ae 
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_NeWs 
e 7l1-R? (1+) 7 


2° BT where 
- cas 50 (10a, 10AS)|f- BL? Ne 


(5) 2 i f 2 t+ 

_1tteg 

A 1-21 Ae) 
*y""9 ‘(+A )2 (tery)? . ¢ (4+A, Mio TaD % 


and 





Ve jag Gp OB tra ee « 5ae-) 


where 7 1) are to be found from the equations (3) and(%<£2--k) 
Taking the partial derivitives of A with respect to D and 


0 we obtain, 
OPr_ Le OPn 
OD k 7] % Ady 
(6) 


a a ns as Pel 2+ heel 


It can be easily vertified that oor Ln =O if and only if 


OPn 
Ody 





=O 


The probability ,, treated as the function of variables 


Dy, 


“a 


“ ‘ js 
‘hp 4-4..4. A AZAL, 2,2, ,i8 @ maximum when, 


D=n,= Dy, 2 Oper Ap=A4 == O(¢=1,2,°° -a) 


This proves theorem (4.1). 
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Theorem (4.2). If all hypotheses are satisfied and if 
then the a’ posteriori probability that the sample came from the 


universe, the quantity x of which satisfies the inequality [eX l<€ 
may be expressed by, 


.- 


2 2 
P= im e “9 dt, where 


x A 7, ° and 


5 f ‘ 2 sf? 
$, - t+(Po/) {1-2 | -() }}.@-42 ea 


Proof. Let P25, denote the maximum probability, then it 
follows from (6) that, 


x 


) 


it a 1 
(8) BH=e 7 and 


N, Ww 

2 , «3 

a gt | (re . emaM 
mas / L+AgNtoay) 1-2} (L2,) 


Nw, -« Nw,Ww 

wkr 1-2? t 

“e F f : e 2f1-e2(1+2,)) 
LA, N1+A, ) 1-22 (410, ? 


where the value of Wp given by (5) and wae 








As in Part I or Part II if we expand the log A in terms of 
‘ 7 
Dn. por Gr N-MN; MAA, , the first term that does not vanish 


is quadratic in form in terms of the variables, 


' ’ 
Don?" GeO i Ne Ay; Az,°° AXA,» fH i 





| 
| 
| 
| 


a. ne — 
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and this in turn by linear transformation can be expressed as, 


MC,D*G F---4C,, bg); ty? O(b:L234, 54) 


1 7 
OC. == 
) , Q «7 @ when 


/ “, 
" 2{" 4. p? 2 d 
Pp = 1+K, ("2 R, (1-4, ] an 


To complete the proof we proceed as in Part I. 


H. Midicor- Gwar 
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ON CERTAIN RELATIONSHIPS BETWEEN 4, AND 
“2, FOR THE POINT BINOMIAL.* 


By MARGARET MERRELL 


1. Introduction. 

The extensive literature on the point binomial covers studies 
on a variety of its properties, apropos of its use as a discrete prob- 
ability function and of its approximate representation by certain 
continuous curves. Investigations on such properties as the sum of 
its terms within specified limits, the ratio of its ordinates, and the 
slope of chords connecting successive ordinates have thrown light 
on the characteristics of the point binomial and have suggested 
various continuous functions as substitutions for the binomial ex- 
pansion. 

Prominent among such studies have been those dealing with 
the moments of the binomial and it is with these properties that 
the present paper is concerned. The first four moments have been 
used by Pearson’ as a means of fitting a point binomial to observed 
data and he has pointed out? that these moments expressed in 
terms of @, and “2, approach the corresponding moments of the 
normal curve as 77 becomes indefinitely large. Other papers that 
especially concern the following discussion are one by Student® in 
which he discussed the relationship between <9, and 4, for the 
point binomial and the Poisson exponential series, and one by Lucy 
Whitaker,* in which the range of hy, and 73, and certain relation- 
~ *Paper No. 175 from the Department of Biostatistics, School of Hy- 


giene and Public Health, The- Johns Hopkins University, Baltimore, Md. 

1Pearson, K. Skew variation in homogeneous material. Phil. Trans. 
Vol. 186 A, (1895), pp. 343-414. 

2Pearson, K. On the curves which are most suitable for describing the 
frequency of random samples of a population. Biometrika, Vol. 5 (1906) 
pp. 172-175. 

8Student. On the error of counting with a haemacytometer. Biometrika, 
Vol. 5 (1906), pp. 351-360. 


Whitaker, Lucy. On the Poisson law of small numbers. Biometrika 
Vol. 10 (1914), pp. 36-71. 
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ships between the moments and the constants of the point binomial 
were discussed. 

The present note will give some additional relationships be- 
tween the third and fourth moments of the point binomial, in terms 
of < and AS, , and will discuss these relationships in connection 
with their bearing on the association of the point binomial and the 
normal curve. The point binomial, (o+g/ 7 has of course two 
constants and 7 which completely determine its characteristics. 
Certain of these properties are closely connected with 4, and A : 
and it is therefore of interest to see how <j, and @, change as 
and 77 take on different values. In order to see the effect of varying 
each of the constants, the relationship between AG, and oP will be 
determined for varying values of 77 when , is held constant, and 
for varying values of 7 when 7 is held constant. In addition to 
these relationships, it is possible to see how the £35 are related 
when both o and » are allowed to vary while certain functions of 
these parameters are held constant. In the following discussion the 
relationship between <4 and |<, will be considered for the cases 


‘where the mean, 770, is held constant, and where the square of the 


standard deviation, 0g, is held constant, 77 and 0 being variable. . 
The moments of the point binomial (+g) ” are: 


mean = np 
tig © "PE 


70G(g-P) 


& 


Ala * nog| L+Jog(n-2) | 
These moments lead to the following values of the JES: 
= (FPL P) 7 , 
PF 


L+ 5pg(2-2) 
PF 


(1) 4 


(2) 3: 
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Although the point binomial is ordinarily applied only to the cases 

where © , F» and 7 are positive, it should be noted that these 

formulae for <3, and <%, are not limited to this case. The only 

limitation on these constants is that o + g =7 

2. The relationship between x3, and & for constant values of p. 
If we eliminate 77 between (1) and (2) we obtain an equation 

relating 4, - and - , ~ being unspecified. This equation is 


l-Opg 
3 = j+—— 
B, 
S € sf oF 


eS if tf tt {3 tf i5 








» 
S40 
2 2 
“Oxo ew 
vo 
<2 “o <4 
-'s, 
4 Yo XS. 
> t= 
“> 
cot 7 
> 
> 


5 | 


FIG. 1: THE RELATIONSHIP BETWEEN 3, AND [3p FOR POINT BINOMIALS HAVING 
CONSTANT VALUES OF p AND CONSTANT VALUES OF 
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For fixed values of 7, this represents a family of straight lines 
1-6, 

with slope conan , all passing through the position @ -7,@-3, 

(F -—p) a \ f < - 


the position of the 5 for the normal curve. Figure 1 shows a 
group of these lines on the “4 _<% plane, for the values of  indi- 
cated. The various positions on these lines represent “<3, and <3, 

for point binomials having the specified 5 and varying 775. Only 
those values of -) which are between O and 7 are included in this 
diagram, and these only for positive values of 77 , since these values 


cover all the ordinary probability problems. From (1) it can be 


seen that for such values of and 77, ¥; is positive. The <5 for 
binomials having parameters outside these limits will be discussed 
in a later paragraph. 

The range through which these lines can swing can be deter- 
mined by substituting the limiting values of jo in equation (3). 
The values of 1 to be used in determining this range are O and .J, 
not O and / . This follows from the fact that, since ,o and g are 
interchangeable in the point binomial, and the slope of the lines 
given by (3) is symmetrical ino and g , the lines obtained for 
between .5 and 7 .would be identical with the lines for the com- 
plement of -, 7, , between O and.J. Thus any particular line 
represents point binomials for two complementary values of -. 

If we substitute the value .4 for ,o in (3), the equation 


becomes 

(4) 43 =O9 

as we would expect, since point binomials having a or .J are 
symmetrical. If ,o=O , equation (3) becomes 

(5) bo YBy -F =O. 


The latter line is identical with the line giving the relationship be- 
tween J, and ,, in the Poisson exponential series. This is in 
harmony with the derivation of the Poisson exponential as the 
limiting case of the point binomial as tends to O, and 77 tends 
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to o7, 77 being finite. If we denote the mean of this series by 
777 , the moments are® 


4ép = 777 
443 = 777 

ar 
4g = Fi * m7 


and 


SIN 


fy = 


Z 
b= F*Z° 


We have thus the equation relating <4 and <% as given by (5). 
The radiating lines giving the <#5 for point binomials having 
values of fo between CO and /, will therefore lie in the range 
between the vertical, ,=(, and the Poisson exponential line. 
This range, which is indicated in figure 1, was pointed out by Lucy 
Whitaker® in the paper mentioned above. The Type III line is 
included in this graph to indicate that portion of the ~<3<4 plane 
covered by this family of lines. It is of interest to note that <@, 
and &, for skew binomials do not approach the 5 of the Type 
III curve, although Pearson’ has shown that in an important slope 
property the skew binomial polygon and the Type III curve follow 
the same law. 
3. The relationship between “4, and A, for constant values of 77. 
The <4, & equations for constant values of o have been ex- 
pressed as continuous straight lines, but only certain positions on 
these lines pertain to binomials having integral values of 77. These 
points are determined by the intersection of these lines with the 
curve relating 4 , % , and »7, when » is held constant at integral 
5Student. Loc. cit. p. 353. 


®Whitaker, Lucy. Loc. cit. p. 37. 
7Pearson, K. Skew variation in homogeneous material. Loc. cit. p. 357. 
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values. The equation of this curve given by eliminating o and g 
between (1) and (2) is: 

(6) 4, - 0. 

This is a family of straight lines parallel to the Poisson expo- 
nential line, a specified value of 77 determining a particular line. 
The intersection of any of these lines with any © line determines 
the <7 for the point binomial of specified ,o and 77. Figure 1 
gives the graph of three such lines for 77-<, 77-/0, and 77=<V. 
From this graph it can be seen that even with an 77 as small as 2, 
(5, and , for the symmetrical and slightly skew binomials are 
not far from the position of the <5 of the normal curve, but for 
the highly skew binomials, they are quite far from this position. 
This is in agreement with the fact that the more skew the bino- 
mial, the larger the 77 required to make the normal curve a good 
substitute for the binomial expansion. 

It is evident from this graph that as 77 is fixed at increasingly 
large values, <3, and “, for the point binomials of different p's 
converge quite rapidly toward the normal position. The limit of 
equation (6), as 77 becomes indefinitely large, is equation (5), 
that is, the line giving <3, and % for the Poisson exponential. 
This is to be expected, considering the conditions under which the 
point binomial approaches the Poisson exponential. For this lim- 
iting case the <<, 7 line for constant 77 crosses all the radiating 
P lines at O, 3 , except the line for o= O, with which it coincides 
throughout. Thus for all values of 0 , except O, <<, and &, for 
the point binomial agree with the corresponding moments of the 
normal curve, as 77 becomes indefinitely great. 

4. The relationship between /G, and <G, for constant values of 
772 . 

In judging how adequate the size of a particular sample is, for 
a specified value of o , we frequently make our estimate in terms, 
not of 77, but of the mean value, 770. This is with the thought that 








| 
| 
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we are in approximately as good a position with a © of . 7 and an 
7 of 50, for example, as with a .o of .01 and an 77 of 500, since 
the expected number is the same in both cases. For instance, our 
knowledge of a penny from 0 tosses is about as complete as that 
of adice from 30 tosses. Tu study this question from the mements 
of the binomial we can determine the curve relating the <5 for 
binomials of constant ~, , by replacing 70 by 777 in equations 
(1) and (2), and eliminating the remaining ,oS and gs between 
these two equations. This gives the equation 


F174, - I MG, SB + 29753 + Fm(Im-L)G 
(7) 
- 4m (Im-L)2, 4 2fIm-1) =O 


This is the equation of a hyperbola with asymptotes 


(8) 23, - LG, -O=0 
(9) B -y - #0. 


The substitution of any particular value of 777 in equation (7) 
will give the curve of for all binomials having this specified mean 
value. Its intersection with the radiating lines of constant . gives 
4G, and, for the point binomial having the specified .o and 
mean value. Figure 2 shows the two hyperbolas for which 77 =2 
and 10 respectively. 

Turning to the asymptotes of the hyperbola, it will be seen 
that only one of them varies with 77. Thus the various hyperbolas 
obtained by substituting different values of »7 in (7) will all be 
asymptotic to the same line (8). The centers of all the hyperbolas 
will therefore lie on this line, which, it will be noted, is the Type 
III line. The other asymptote is parallel to the Poisson exponential 
line and a comparison of its equation, (9), with equation (6) 
shows that it represents the same relationship between <4, &%, 
and 77, as that previously derived between <4, , 4, and ~ This 
asymptote is therefore the particular line in the family of 77 lines 
for which 77-77 or -70. Since any point on the hyperbola is the 
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FIG.2: THE RELATIONSHIP BETWEEN , AND fi, FOR POINT BINOMIALS HAVING 
CONSTANT VALUES OF np 


intersection of 77 and lines such that 772 has the constant value 
777, it follows that points farther and farther out on the hyperbola 
represent the intersection of lines having values of ~ closer and 
closer to the mean, 777, and values of ,o approaching the value /. 
If we consider this asymptote for hyperbolas of increasing values 
of 777 we see that it approaches the Poisson exponential line, and 
in the limiting case, as 777 becomes indefinitely large, the hyperbola 
degenerates into the two lines which represent the @Sfor the Pois- 
son exponential series, and the Type III curve. These limits will 
be further discussed in a later paragraph. 
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All of the hyperbolas in the family represented by equation 
(7) are tangent to the line <3, - O, which is the value for binomials 
of ~=.5. From figure 2 it can be seen that the lines giving the 
35 for the other values of o are crossed twice by each hyperbola. 
This is due to the fact that each line represents the 35 for two 
complementary values of ~., and for such values of the same 


mean value would result from two different values of » , such that 


I= 770 = (2-2) 


For example, the binomials (2 +. a). and 7 @«4 2) * have ? 
values that lie on the same straight line and.mean values that lie on 
the same hyperbola. It is thus obvious why the hyperbola must be 
tangent to the line for 9 =.J, since in this case the two complemen- 
tary values of . are equal and there can be only one value of 7 
which will produce a given 77. 

From the discussion of lines relating ~@ and <, for constant 
77 values, it is evident that of the two crossings of any 5 line, the 
one nearer the Gaussian position is for the point binomial with the 
larger » and therefore for the smaller of the two complementary 
yf values. Furthermore, through the point of intersection of two 
hyperbolas, only one » line and one (> line will pass, and the 
435 thus determined are for two binomials, one having the smaller 
mean and the smaller ., and the other the larger mean and », 
both having the same 7. For example, the two hyperbolas given 
in figure 2, intersect at the point <<, =. °666 7,431 The value 
of »7 for this position is 72, and for ~ is 7/6 or 9/6. These 
values of and /&, are therefore for the binomials (L/b + SS, - 


with the mean value 2, and (J/6+Z/G/ 7“with the mean value 
LO, 


From figure 2, it is seen that the hyperbolas extend into the 
area between the Poisson exponential line and the Type III line. 
Since, as stated above all :5 between O and J fall in the area be- 
tween & =O and the Poisson exponential line, it raises the ques- 
tion as to the meaning of the hyperbola outside that area. In the 
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point binomial [ ? +(2-)) . there is nothing to force , to lie 
between O and /, and » to be positive except the conditions we 
impose for applications to probability problems. If we consider 
the general case, without these limitations, an analysis of equation 
(3) shows that the radiating lines giving <j, and <% for fixed 
values of o continue into the area between the Poisson exponential 
and the Type III lines, the values of ,o in this area being either 
negative, or the complements of these negative values, that is, pos- 
itive values greater than / . This area includes all values of 

from O to -co ,and from 7 tooo. Thus, lines giving 
Ky and 3, for all real values of o from - co to +o are 
included between the vertical and the Type III lines. Outside this 
area, the values of ,o are imaginary. Turning to the values of 7, 
we can see from equation (6) that in the family of parallel lines 
giving 4, and ,<, for fixed values of 77 the lines below the Poisson 
exponential all have negative values of 77. As 7 approaches ~a, 
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FIG. 3: SUBDIVISION OF THE ,, fie PLANE FOR BINOMIALS CLASSIFIED ACCORDING TO THE 
VALUES OF p AND N 
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this line approaches the Poisson exponential line from below. Fig- 
ure 3 shows the subdivisions uf the <%, 4B plane for the various 
cases. 

It follows from this discussion tht the values of the hype: bola 
in the area between the Poisson exponential and Type III lines 
give > for point binomials with negative 77.5, and since 70 is a 
fixed positive value for any hyperbola, negative values of , rang- 
ing from O to - oo. These results are in harmony with the case 
mentioned above, where the hyperbola de, ener: tes into two straight 
lines (the Poisson exponential line and the Type III line) as the 
mean becomes indefinitely large, “or oo approaches a9 when 
either » or © approaches oo . Thus, the Poisson exponential line 
is the limit when ~ approaches co , and p-=/7 ,and the Type III 
line when 2 approaches -oo,and 7» is negative. 

5. The relationship between GB, and 4S, for constant values of 
PE . 

A further point oi interest is the scatter of the KE for poiit 
binomials of varying oS but constant standard deviations. In 
equations (1) and (2), if we let 0G =o, and eliminate ,o and 
FG we have the equation 


6a~f p 
a? ; 





Oo 


(10) <3, Yf, - 


This, like the lines giving <%, and, for constant values of 77 , is 
a family of parallel straight lines, but where the 27 lines were par- 
allel to the Poisson exponential line, this group is parallel to the 
Type III line. These lines intersect the radiating lines giving the 
“Os for constant values of  , and as o~ increases, the points of 
intersection of these lines approach the “4 and <@% for the normal 
curve. As a~ approaches oo , the line given by (10) approaches 
the Type III line, and in the limiting case, crosses all the , lines 
at the Gaussian position. 
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6. Summary. 

Certain relationships between the third and fourth moments 
“f the point bi .omiai in terms of 45 and <j, have been discussed 
and the folicwing results have been brought out: 

-.. For fixed values of 0 , G, and & are linearly related, 
forming a fanily of radiating lines, all passing through the posi- 
tion of the fos for the normal curve. Each of the lines represents 
the for point binomials having a fixed value .o or its comple- 
ment, - . The lines for values of between O and / are 
included between the vertical 45,79, which is the line for p-.5 
and the Poisson exponential line, <% ~, - 7= CO, which is the line 
for =O or Z . The lines for negative values of or positive 
values greater than /, fall between the Poisson exponential line and 
the Type III line, 73, - JG, - O =O. For the rest of the plane; 
the values of are imaginary. 

B. Although it has been shown by Pearson that in certain 
slope properties the skew point binomial resembles the Type III 
curve, none of the binomials which we interpret as probability func- 
tions, that is. those haying o between CO and 7 and 7 positive, 
has “Z and 4, approaching those of the Type III curve, except 
for the special case where the Type III curve becomes identical with 
the normal curve. 

C. For fixed values of 77 , , and 4, determine a series 
of straight lines parallel to the Poisson exponential line. For posi- 
tive values of 7 , these lines are above the Poisson exponential 
line, and for negative values below this line. Intersections of these 
tines with the radiating ,o lines determine <j and @, for the point 
binomial of specified ,o and 7 . As 77 is held constant at in- 
creasingly great values, the points of intersection are closer and 
closer to the position of the <75 for the normal curve, and in the 
limiting case the line of <75 for constant 77 intersects at the normal 
position all of the family of o lines except the line for —=Q2, 
with which it coincides. 

D. 4G, and 42, for point binomials of varying .o and 7, 





228 THE POINT BINOMIAL 


but constant mean values, lie on a family of hyperbolas, a particular 
hyperbola being determined by a specified mean. One of the 
asymptotes of all these hyperbolas is the Type III line, and the 
other is a line parallel to the Poisson exponential line, at a distance 
from it, depending on the value of the mean. The limit of this 
asymptote as the mean approaches o2 is the Poisson exponential 
line. These hyperbolas are tangent to the line <9, = O, (the line 
for o=.5) and cross the other lines twice, the intersection of 
the hyperbola and any ,- line or any 7 line determining the <’s 
for the point binomial whose ,o and »~ are defined by the intersec- 
tion. 

E. For varying o and 7, but fixed nog , <3, and/<% lie 
on a family of straight lines parallel to the Type III line, one line 
in the group being determined by a particular 770g, The limit of 


these lines as 770¢ is held constant at increasingly large values is 
the Type IIT line. 
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EDITORIAL 


NOTE ON THE COMPUTATION AND MODIFICA- 
TION OF MOMENTS 


Tor the purpose of this note we shall deviate from the usual 
practice in the calculus of finite differences and define 


Au, = Uxet ~ Mu, 


where /7 is a constant. It follows that this generalized 4) and 
the symbol &’ are connected by the operator relation 


A =(E-/M) so that 
As (E- M)” and therefore 


(1) AG =u, -- (Ma 


t+ 


2 
n-1 He) Ma, (Gg Mes Pree 


Ath-F 


If the 7-4 unmodified moments about an arbitrary origin, and 
about the arithmetic mean, be designated by Ya and V i? respective- 
ly, the usual relation may be written 


(2) v= (IM ABM, 5 AG), gt 


where /7/- V, equals the distance of the mean from the provisional 
mean. From (1) and (2) it follows that 


(3) Vy, «AY 


? 
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that is, the ~7-t/ moment about the mean is simply equal to the 7:+4 
leading difference of VY, . Since computing machines are ideally 
adapted to computations of the type (A-B-C), formula (3) is very 
effective. 

As an illustration, let us compute the first seven moments about 
the mean for the distribution of weights of 7749 adult males born 
in the British Isles. (See Yule’s “Theory of Statistics”, p. 95.) 
The provisional mean is taken in the 150-Ib. class, and the class 
interval of ten pounds is taken as the unit of x . 


TABLE 1 
















1.000000 .000000 4.55356 6.92736 91.3249 
222738 4.55356 7.94161 92.8679 456.762 
4.60317 8.95586 94.6368 477.447 4471.10 

9.98116 96.6316 498.526 4577.45 
98.8548 520.050 4688.49 
542.069 4804.32 
38164290 | 4925.06 


Auk wrd - © 


436.420 4272.15 


It is very important that the provisional mean be so chosen 
that /7=v, is less than unity—otherwise particular attention must 
be paid to the number of digits which are significant in the values 
of the various differences. 


Let us now discuss the modification of moments. 
Designating the general modified cr corrected moment by ALy » 
Sheppard's formula for continuous variates may be written 


4 -4,-(7)4 77) 7 {2 ) Zh 
An hte 2 Yn-2 +(4 (240 Vad (6 1344 nr 


so that for moments about the mean, 
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- _ =f 
re 
| Ag =% 
| 
ae a oe 
(5) Aig =%y- 2G +350 
ot. ee i 
4s *“%G-6 % 


In many distributions discrete variates are grouped into classes, 
each class containing A different values of the variable. The for- 
mula, corresponding to Sheppard’s, for grouped-discrete distribu- 
tions may be obtained by employing the calculus of finite differ- 
ences, and was given without proof in an Editorial on page 111, 
Vol. 1, No. 1 of the Annals as follows, 


Uy - (2. S iy Vn.2 * (4) CBA? 


240 Un-4 





(6) 7) (1-4.Ha- ey ) 
(i) EN, 6° 


Obviously the limit of (6) as & approaches infinity is (4). So 


r 1-2 
= _9. 7-2 
a 4°“ 
45> %, 
Z £ J 
ie «= £85 =» (4-22 7-22) 
(7)0 4, -¥,-—4 G+ — He 
_ ~ xt-4)- 
A,» %- “Sata, 
49 


i 
IE-Fa)5 LBN-Z)5 . Of Nat- J) 
- 76 é 7344 
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In both (5) and (7) above it is to be understood that the class 
interval, A , is chosen as the unit of x . 
The modified moments, 4,,, of the following table are ob- 


tained by applying formulae (5) to the values of Y% , which were 
obtained as the leading differences of table 1. 


ee ABLE 2 es 





















0 d 1.000000 
1 .00000 000000 
2 4.47023 1.000000 
3 6.92736 6.92736 732948 
+ 91.3249 89.0773 4.45765 
5 436.420 430.647 10.1929 

6 4272.15 4159.96 46.5692 


Tables 3 and 4 shed an interesting light on the subject of mod- 
ification, and are obtained from the results of formulae (5) and 
(7). If the class interval be denoted by A , and the unmodified 
values of the standard deviation and skewness by o’ and «3 , re- 
spectively, that is 


q= AN Vox 





(8) 5 
/ FX 
a! « «aim 
J (a; ) 3 
it follows that 
G, = gy’ Ww and 
/ 
3 = *3 where 
a? 
(9) 
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As mentioned beicre, the case of continuous variates is the special 
case for which k= &. 

To illustrate: for our distribution taken from Yule, A=10/4s., 
and by (8) 


of = 10 {455350 |bs*= 21,3391 Ibs 


, 6.92736 


%, = (2.13391) =,71Z919 


A 
gr, =. 468623 


From table 3, A = 47 k=o0o0 wehave qd=-. 99YOZ and con- 
sequently o =.9907 '21.5391 lbs.) = 21.14 /bs,, agreeing 
with the more exact value deduced from table 2, i.e. 21. 14292 /hs. 

From table 4, 4 2.47, k=00 we have w - 1028 and there- 
fore «,= £ O28. 712919) =.7329  , again agreeing with 
the more accurate value of table 2. 


By either interpolation of tables 3 and 4, or by direct compu- 
tation of «) and «*?, greater accuracy may be obtained. 

For an illustration of grouped-discrete variates we may. refer 
io pages 32 and 37 of Vol. 1, No. 1 of the Annals. For the so-called 
D(4.1) of Table IX, A= 4, of = J0B9, o%; =.0O96. Hence 


4 -.79 , and since A= 4 the modified. or adjusted values are 
v 


a, = 5089 (A753) = 4.963 
4,2. 096 (1.078) =. 103. 


It should be observed that the factors @ and ware indepen- 
dent of the number of variates, WV , and are just as properly ap- 
plied even if the frequency distribution method for computing the 
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standard deviation, skewness, etc. is not employed. Thus, if I com- 
pute the standard deviation for the weights of ten individuals and 
those variates are recorded to the nearest pound, then the resulting 


Z(v-M,/) M,,)* 


N 


“. 


theoretically, if not practically, should be modified. If it developed 
that o,’ = 20/bs.., then for weights to the nearest pound A= 1, 


and 
- | +6 bp -. 999896 


If, on the other hand, the weights had been taken to the nearest 
half pound, or to the nearest tenth pound, the corresponding values 
for w would he .999974 and .999999 respectively. Only if the 
variates he discrete and A=/ , or if the variates be continuous 
and be measured with absolute accuracy (which is impossible from 
a practical point of view) so that A= 0 , can w=, and modifica- 
tion be ignored. 

It should be clearly understood, however, that Sheppard's cor- 
rections are merely c.vpectations. We have no assurance that the 
use of one of these corrections in any single instance will increase 
the accuracy of that determination—it is quite likely that in any 
isolated case the modification will introduce-a still greater error 
into the calculation. As pointed out in pages 36-38 of Vol. 1 of the 
Annals, and clearly revealed in the included table IX, modifying 
eliminates only the systematic errors, and ignores the accidental 
errors which may be numerically greater and of opposite algebraic 
sign than the correction itself. 


Lastly, one must remember that the mathematical theory under- 
lying Sheppard’s Corrections assumes that both the frequency 
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function and a sufficient number of its derivatives vanish at the 
limits of the distribution. Consequently the case of J-shaped or 
U-shaped distributions, or of data not actually classified into such 
distributions, is not covered by formulae (5) or (7). In any event, 
it is evident that the practical necessity for modification in all cases 
depends upon the ratio of the limits of accuracy of the measure- 
ments employed in the computations to the unmodified standard 
deviation. If we throw accurately determined variates into fre- 
quency distributions with large class intervals, A —and thus sim- 
plify certain computations, then we must realize that the introduc- 
tion of a systematic error is the penalty paid for such procedure, 
that the greater the value on” the greater the penalty, and that 
the practical necessity for modification rests enurely upon the ac- 
curacy demanded of the final results. 

The chief, value of tables 3 and 4 is that an inspection of these 
tables gives a rough idea of the value of modification so far as the 
standard deviation and the skewness are concerned. 
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Table 3 s Spay 
_ w= |L — 


sisi 4) sisi? | s) 2) os 





01 1.0000 
02 1.0000 0000 1.0000 
03 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
04 .9999 | .9999 | .9999 | .9999 | .9999 9999 | .9999 | .9999 | .9999 | .9999 
05 9999 | .9999 | .9999 | .9999 | .9999 9999 | .9999 | .9999 | .9999 | .9999 
06 9999 | .9999 | .9999 | .9999 | .9999 .9999 | .9999 | .9999 | .9999 | .9998 
07 .9998 | .9998 | .9998 | .9998 | .9998 9998 | .9998 | .9998 | .9998 | .9998 
08 9998 | .9998 | .9998 | .9997 | .9997 9997 | .9997 | .9997 9997 | .9997 
09 9997 | .9997 | .9997 | :9997 | .9997 9997 | .9997 | .9997 9997 | .9997 
10 9997 | .9996 | .9996 | .9996 | .9996 9996 | .9996 | .9996 | .9996 | .9996 
11 9996 | .9996 | .9995 | .9995 9995 9995 | .9995 9995 9995 | .9995 
12 9995 | .9995 | .9994 | .9994 | .9994 9994 | .9994 | .9994 | .9994 | .9994 
13 9995 .9994 | .9993 | .9993 9993 9993 | .9993 | .9993 9993 | .9993 
14 .9994 | .9993 9992 9992 9992 9992 .9992 .9992 9992 9992 
15 9993 9992 9991 9991 9991 9991 9991 9991 9991 9991 
16 .9992 9991 -9990 | .9990 | .9990 9990 | .9989 9989 | .9989 | .9989 
























































































































17 .9991 .9989 | .9989 .9988 | .9988 9988 | .9988 .9988 9988 | .9988 
18 9990 | .9988 .9987 .9987 .9987 9987 .9987 .9987 .9987 9987 
19 9989 .9987 .9986 | .9986 9985 9985 9985 9985 9985 9985 
20 .9987 9985 9984 9984 0984 | .9984 9984 | .9984 9983 9983 
21 .9986 9984 | .9983 9982 .9982 | 9982 | .9982 9982 .9982 9982 
22 .9985 .9982 | 9981 9981 .9980 2980 | .9980 | .9980 | .9980 | .9980 
23 .9983 9930 | .9979 9979 9979 | .9978 | .9978 | .9978 9978 | .9978 
24 .9982 9979 | .9977 9977 .9977 | .9976 .9976 .9976 .9976 | .9976 
25 9980 | .9977 .9976 .9975 9975 | .9974 9974 9974 9974 9974 
26 9979 | .9975 .9974 .9973 .9973 9972 .9972 9972 | .9972 9972 
27 .9977 9973 9971 9971 | .9970 9970 | .9970 | .9970 | .9970 | .9970 
28 9975 9971 .9969 | .9969 9968 | .9968 9968 | .9968 | .9968 | .9967 
29 9974 | .9969 .9967 .9966 .9966 | 9966 | .9965 9965 9965 9965 
30 9972 9967 .9965 .9964 9963 | .9963 | .9963 .9963 .9963 .9962 
31 .9970 | .9964 9962 | .9961 9961 9961 9961 9960 | .9960 | .9960 
32 9968 | .9962 | .9960 | .9¥59 | .9958 | 9958 9958 9958 | .9958 | .9957 
33 9966 | .9960 | .9957 | .9956 | 9956 9955 9955 9955 9955 9954 
34 9964 | .9957 | 9955 9954 9953 | .9953 | .9952 9952 9952 9952 
35 .9962 9955 9952 | 9931 | 3950 | 9950 | .9950 | .9949 9949 9949 
36 9959 | .9952 9949 9948 | 9947 9947 9947 9947 9946 | .9946 
37 9957 9949 .9946 9945 | .9944 9944 | .9944 9944 | .9943 9943 
38 9955 .9946 9943 9942 | .9941 9941 | .9941 9940 | .9940 | .9940 
39 9952 9944 9940 | .993y | .9938 9938 .9937 .9937 9937 .9936 
40 9950 | .9941 9937 9936 .9935 9934 9934 9934 9934 | .9933 
41 .9947 9938 | .9934 | .9933 9932 9931 9931 9931 9930 | .9930 
42 9945 9935 9931 .9929 .9928 9928 9927 9927 9927 .9926 
43 9942 9931 9928 | .9926 | .9925 9924 | .9924 9924 9923 9923 
a4 .9939 .9928 9924 | .9922 9921 9921 9920 9920 | .9920 | .9919 
45 .9937 9925 9921 9919 | .9918 .9917 9917 9916 9916 9915 
46 9934 | .9921 9917 | .9915 9914 9913 9913 9913 9912 9911 
47 9931 9918 | .9913 9911 -9910 9909 .9909 .9909 | .9908 .9907 
48 9928 | .9914 | .9910 | .9907 .9906 .9906 9905 9905 | .9905 9904 
49 9925 9911 -9906 | .9903 9902 9902 9901 9901 | .9901 | .9900 


50 9922 .9907 9902 .9899 





.9898 9897 .9897 
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f 
Table 3 
21 3a)! 
| | 
| 9918 T9903 | 9898 | .9895 
| ‘9918 | “0899 | 9894 | 9891 | .9R0¢ 
| ‘9912 | 9895 | .9890 | 9887 | .9886 
‘9908 | 0891 | .oxss | 9883 | _oget 
| 9905 | 9887 | 9881 | .9878 | 9877 
* 56 9902 | 9883 | 9877 | 19874 | 9872 
57 .9898 9879 | 9872 i .9869 .9868 
58 ‘9894 | 9875 | .9368 | 9865 | .9863 
\ 59 ‘9891 | .9870 | .9863 | .9860 | .9858 
60 9887 | .9866 | .9858 | .9855 | .9853 
61 9883 | 9861 | .9854 | .9850 | 984g 
62 ‘9879 | .9857 | .9849 984s 9843 
9852 | 9844 | . 
matt 9847 | .9839 | .9835 | .9833 
; 65 9867 | 9842 | .9834 | 9830 | .9827 
9863 | 9837 | 9329 | 9824 | 9822 
‘6859 | .9832 | 9823 | 9819 | .9816 
68 | .9854 | .9827 | 9818 | .9813 | 9811 
6 5 9803 | .9805 
. po = po "9802 | 9799 
‘9341 | 9811 | 9801 | 9796 | 9704 
7 9341 | . 9801 5 | 3794 
72 9837 | .9806 | .9795 9796 | 978: 
73 9832 | .9801 | .9790 | .9785 | .9782 
74 | .9827 | .9795 | 9784 | 9779 | 9776 
73 9823 9789 | .9778 | .9772 | .9769 
76 ‘9318 | 9784 | (9772 | 9765 9763 
7 9778 | 9765 | 9760 | .975 
78 po ‘9772 | .9759 | .9754 | .9750 
79 9803 | .9766 | .9753 | .9747 | .9744 
- 80 9798 | 9760 | .9747 | .9741 | .9737 
[ 8} 9793 | .9754 | 9740 | .9734 | .9731 
82 9788 | 9748 | 9734 | .9727 | .9724 
83 0782 | .9742 | 9727 | .9721 | .9717 
24 9777 | .9735 | 9720 | .9714 | 9710 
85 9772 | 9729 | 9714 | .9707 | .9703 
86 9766 | .9722 | .9707 | .9700 | .9696 
87 9761 | .9716 | .9700 | .9693 | .9689 
$8 9753 | 9709 | .9693 | .9685 | .9681 
89 9749 | .9702 | .9686 | .9678 | .9674 
90 9744 | .9695 | .9678 | .9671 | .9666 
91 9738 | .9688 | .9671 | .9663 | .9659 
92 9732 | 9681 | .9664 | .9686 | .9651 
S| le eee 
9720 | 9 7 
| = 9714 | .9660 | .9041 | .9632 | .9627 
( 96 9708 | .9653 | .9633 | .9624 | .9619 
97 9702 | .9645 | .9625 | .9616 961 
9695 | .9638 | 9618 | .9608 | . 
= 9689 | .9630 | .9610 | .9600 | .9595 
100 | .9682 | .9623 | .9601 | .9592 | .9586 
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Table 4 


% Piclesldeshested 


a 


a 
1.000 
1.000 
1.000 
1.000 
1.001 
1.001 
1.001 
1.001 
1.001 
1.001 
1.002 
1.002 
1.002 
1.002 
1.003 
1.003 
1.003 
1.004 
1.004 
1.005 
1.005 
1.005 
1.006 
1.006 
1.007 
1.007 
1.008 
1.008 
1.009 
1.010 
1.010 
1.011 
1.012 
1.012 
1.013 
1.014 
1.014 
1.015 
1.016 
1.017 
1.018 
1.018 
1.019 
1.020 
1.021 
1.022 
1.023 
1.024 


eee” 


p00 
1.000 
1.000 
1.000 
1.000 
1.001 
1.001 
1.001 
1.001 
1.001 
1.002 
1.002 
1.002 
1.002 
1.003 
1.003 
1.004 
1.004 
1.004 
1.005 
1.005 
1.006 
1.006 
1.007 
1.008 
1.008 
1.009 
1.009 
1.010 
1.011 
1.011 
1.012 
1.013 
1.014 
1.015 
1.015 
1.016 
1.017 
1.018 
1.019 
1.020 
1.021 
1.022 
1.023 
1.024 
1.025 
1.026 
1.027 
1.028 


COMPUTATION 


; 00 
1.000 
1.000 
1.000 
1.000 
1.001 
1.001 
1.001 
1.001 
1.001 
1.002 
1.002 
1.002 
1.003 
1.003 
1.003 
1.004 
1.004 
1.005 
1.005 
1.006 
1.006 
1.007 
1.007 
1.008 
1.009 
1.009 
1.010 
1.011 
1.011 
1.012 
1.013 
1.014 
1.015 
1.015 
1.016 
1.017 
1.018 
1.019 
1.020 
1.021 
1.022 
1.023 
1.024 
1.025 
1.026 
1.028 
1.029 
1.030 


1.031 


; a 
1.000 
1.000 
1.000 
1.000 
1.001 
1.001 
1.001 
1.001 
1.001 
1.002 
1.002 
1.002 
1.003 
1.003 
1.004 
1.004 
1.004 
1.005 
1.005 
1.006 
1.006 
1.007 
1.008 
1.008 
1.009 
1.010 
1.010 
1.011 
1.012 
1.013 
1.013 
1.014 
1.015 
1.016 
1.017 
1.018 
1.019 
1.020 
1.021 
1.022 
1.023 
1.024 
1.025 
1.026 
1.027 
1.029 
1.030 
1.031 


.000 

.000 
1.000 
1.000 
1.001 
1.001 
1.001 
1.001 
1.001 
1.002 
1.002 
1.002 
1.003 
1.003 
1.004 
1.004 
1.004 
1.005 
1.005 
1.006 
1.007 
1.007 
1.008 
1.008 
1.009 
1.010 
1.010 
1.011 
1.012 
1.013 
1.014 
1.014 
1.015 
1.016 
1.017 
1.018 
1.019 
1.02 
1.021 
1.022 
1.023 
1.024 
1.025 
1.027 
1.028 
1.029 
1.030 
1.031 


1.000 
1.000 
1 
1 





| 


| 
| 


1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.001 
1.001 
1.001 
1.001 
1.001 
1.002 
1.002 
1.002 
1.003 
1.003 
1.004 
1.004 
1.004 
1.005 
1.005 
1.006 
1.007 
1.007 
1.008 
1.008 
1.009 
1.010 
1.010 
1.011 
1.012 
1.013 
1.014 
1.014 
1.015 
1.016 
1.017 
1.018 
1.019 
1.020 
1.021 
1.022 
1.023 
1.024 
1.025 
1.027 
1.028 
1.029 
1.030 
1.032 





1.010 
1.011 
1.011 
1.012 
1.013 
1.014 
1.014 
1.015 
1.016 
1.017 
1.018 
1.019 
1.020 
1.021 
1.022 
1.023 
1.024 
1.026 
1.027 
1.028 
1.029 
1.030 
1.032 


AND MODIFICATION OF MOMENTS 


sth 


HEN 


10 


1.000 
1.000 
1.000 
1.000 
1.000 
1,000 
1.001 
1.001 
1.001 
1.001 
1.001 
1.002 
1.002 
1.002 
1.003 
1.003 
1.004 
1.004 
1.004 
1.005 
1.005 
1.006 
1.007 
1.007 
1.008 
1.008 
1.009 
1.010 
1.011 
1.011 
1.012 
1.013 
1.014 
1.014 
1.015 
1.016 
1.017 
1.018 
1.019 
1.020 
1.021 
1.022 
1.023 
1.024 
1.026 
1.027 
1.028 
1.029 
1.030 
1.032 


o0 
1.000 
1.000 
1.000 
1.000 
1.000 
1.001 
1.001 
1.001 
1.001 
1.001 
1.002 
1.002 
1.002 
1.002 
1.003 
1.003 
1.004 
1.004 
1.005 
1.005 
1.005 
1.006 
1.007 
1.007 
1.008 
1.008 
1.009 
1.010 
1.011 
1.011 
1.012 
1.013 
1.014 
1.015 
1.015 
1.016 
1.017 
1.018 
1.019 
1.020 
1.021 
1.022 
1.024 
1.025 
1.026 
1.027 
1.028 
1.029 
1.031 
1.032 
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! Table 4 
f 


51 . ; ; , f 1.033 
52 . ; i , 1.035 
53 J . J ; , 1.036 
54 ; ; j \ 1.038 
55 : J . 1.039 
56 i ; . ; 1.041 

: 1.042 
1.044 
1.045 
1.047 
1.048 
1.050 
1,052 
1.053 
1.055 
1.057 
1.059 
161 
1.063 
1.065 
1.066 
1.068 
1.070 
1.072 
1.074 
1.077 
1.079 
1.081 
1.083 
1.086 
1.088 
1.090 
1.093 
1.095 
1.098 
1.100 
1.103 
1.105 
1.108 
1.110 
1.113 
1.116 
1.119 
1.122 
1124 
1.127 
1.130 
1.133 
1.136 
1.139 
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THE EXTENDED PROBABILITY THEORY FOR THE 
CONTINUOUS VARIABLE WITH PARTICULAR 
APPLICATION TO THE LINEAR 
DISTRIBUTION 


By 
H. P. Lawtuer, Jr. 


The engineering worker is often confronted with the necessity 
of utilizing a group of quantities concerning whose numerical val- 
ues it is known only that they lie between definite upper and lower 
limits. If a number rn of specimens is selected from such a group 
and the sum of the rn values taken, intuition rules that there is 
negligible probability that this sum will be as great as n times the 
upper limit or as small as rn times the lower limit, and that the 
most probable value must be intermediate between these two ex- 
tremes. Some assurance is desired regarding the practical limits 
within which such a sum may be expected to fall. While the dis- 
tribution of the individual values within their limits may be un- 
known directly, yet workable inferences frequently may be made 
from the nature of the quantities. For example, in many manu- 
facturing operations it is economical to turn out items (such as 
bearing balls, paper condensers, or spacing washers) in large quan- 
tities with rather coarse precision. By means of gauges set to 
limits narrow as compared with the total spread, the product is 
then selected into bins, and in the operation of assembly a com- 
pleted article utilizes the material from a single bin. The contents 
of any such bin clearly may be expected to follow a linear distri- 
bution very closely, and if the relative proportions of the product 
finding their ways into this bin and its immediate neighbors can 
be learned, the distribution may be specified with practical accu- 
racy. The linear distribution is thus fundamental to a large clar3 
of problems. 

On several occasions the writer’s speculations have led to prob- 











242 THE EXTENDED PROBABILITY THEORY 


lems involving the linear distribution, and the reference literature 
has been searched for assistance. The special case of the rectangu- 
lar distribution seems first to have been formulated by Laplace’ 
more than a century ago. Rietz,? Irwin,’ Hall,‘ and Craig,® in 
receit years have presented analyses applicable to the study of the 
linear distribution, each from a somewhat different viewpoint. In 
the attempt to follow the logical processes of specialists in this 
field the writer was driven to put forth considerable independent 
effort in order to arrive at a satisfactory understanding. As ‘he 
result of this effort still another angle of approach was developed. 
This method employs steps and terminology familiar to one whose 
mathematical education may have been limited to that commonly 
encountered in a college engineering course, and should be readily 
understandable to a wide field of workers. Encouragement was 
thus given to treating the case of the generalized iinear distribu- 
tion, a treatment which appears to be new. In the application to 
practical cases it was necessary to carry out certain tedious compu- 
tations yielding interesting values and curves. The resulis of this 
work are presented with the thought that they may stimulate the 
understanding and use of a law of considerable application to 
engineering practice. 

It will be understood that when a selection, or the sum of n 
selections, is spoken of there is meant the dimension of that selec- 
tion, or the sum of the dimensions of the n selections. Following 


1Laplace: Théorie Analytique des Probabilités, Troisiéme Edition 
(1820), pp. 257-263. 

2 Rietz: On a Certain Law of Probability of Laplace, Proceedings of 
the International Mathematical Congress, Toronto (1924), vol. 2, pp. 795- 
799. 7 
3Irwin: On the Frequency Distribution of Means of Samples from a 
Population having any Law of Frequency with Finite Moments, with special 
reference to Pearson’s type II. Biometrika, vol. 19 (1927), pp. 226-239. 

*Hall: The Distribution of Means of Samples of Size N drawn from a 
population in which the variate takes values between 0 and 1, all such values 
being equally probable. Biometrika, vol. 19 (1927), pp. 240-244. 

5 Craig: On the Distributions of Certain Statistics. American Journal 
of Mathematics, vol. 54, No. 2 (1932), pp. 353-366. 
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the usual notation, the symbol f, (x) will be defined to be such that 
b 
the integral / Sa (x)-dx is equal to the probability that the sum 
Qa 


of n selections lies between the values a and b. Neglecting 
higher orders of infinitesimals, the probability that the sum of n 
selections ties between x and x+Ax would then be equal to the 
product f,,(x)-Ax The sum ofn selections clearly is the sum of 
n-1 selections plus the value of an additionai selection. The prob- 
ability that the sum of n_ selections lies within the interval x to 
x + Ax must then be equal to the summation of the probabilities 
associated with all possibie pairs of values for the sum of the first 
ri-1  sclections and for the last selection, respectively, that can 
yield a final s.m lying between x and x+ Ax. The values x -m-Ax 
and m-4x, where m is an integer, are such a pair, aad the totality 
of these pairs is obtained by extending m to all possible values. 
Recalling that the probability of the simultaneous occurrence of 
two independent events is equal to the product of the probabilities 
associated with their individual occuivences, there may be written 
in the conventional symbols 


mM =o 
fy(e) Ax =D ty y(x-m-Ax)-Ax-f,(m-x)-Ax, 
m=- 60 


Setting. m Ax-=A_ ,and passing to the limiting form, there is 
obtained 


fx) = [ f,(x-A)-£,(A)- dA, 
~ 00 


as the general formula for determining all subsequent fs from 
f, (x). The form of the function f, (x) is, of course, determined 
for any particular case from the best available physical data. The 
expression for ¥,@) is then obtained by n-1 successive applications 


of the operation of integration indicated above. For the sake of 
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subsequent brevity, the operator P will be defined to be such that 
co 
P.Q(x)=/(x-r)-f, (A). dA. 
= 00 


Using this notation it would be written 


f_(x)=P™ f(x). 

For the general linear distribution f, (x) is given as follows: 
f.(%)=O, for -w2<x<O 
f, (x)= 0, for a<x<0e, 


f,(x)is the equation of a straight line for O £x £a, subject to 
the conditions: (1) the area under the line from x =O to x~=a is 
unity, (2) no ordinate is negative for any value of x in this in- 


terval. By imposing these conditions upon the general equation to 
a straight line there is obtained 


fg [t+k-Biax)] , for 08 xf 


where the parameter K is restricted to the values -1$K£1. With 
f,(%) so defined it can be inferred immediately that f(z) must be 
identically zero for all negative values of x , will have some positive 
finite value everywhere in the interval O< x <na , and must be 
identically zero for all values of x greater thanna . Also, since 
f,(x) is discontinuous for x ~O and for x ~a the application 
of the operator P must be effected through proper choice of limits 
of integration. In this connection three possible cases arise: 

Case 1; Where x, the sum of rn selections, lies in the interval 
O < x a it could have resulted only from a value for the sum 
of nj selections lying in the intervalx to O , coupled with a suitable 
value for the nthselection lying in the interval O to x . For this 
case the operator P will be distinguished as follows: 


x x 
f,(x)=P- foe De | fy AIGA) a , for OS x Sa. 
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Case 2: Where x , the sum of rn selections, lies in the inter- 
val a £ x ¥£(n-1)q it could have resulted only froma value for the 
sum of n-1 selections lying inthe interval x to x-a , coupled 


i i + 


with a suitable value for the n-th ‘selection lying in the interval 
O toa. For this case the operator P will be distinguished as 
follows : 


f_ (x)= ?. f,1(%) = Ln 1 (x-A): £(A)-dA, for a£x(n-1)a. 


— A 
as 


Case 3: Where x, the sum of nr selections, lies in the interval 





(n-1)a 4x £na it could have resulted only from a value for the sum 


of n-1 selections lying, in the interval (n-1)a to x-a, coupled with 
a suitable value for the n-th selection lying in the interval x-(n-1)a 
toa. For this case the operator P will be distinguished as follows: 


fi, (x)= P. tna (4) teh A)-£,(A)- dA for,(n-1)atx$na. 
x%-(n-ija 


The procedure now is analogous to that employed in establish- 
ing the binomial theorem. The first few fs are obtained by hand- 
power methods, until the sequences can be discerned and the ex- 
pression for f,,(x) can be inferred. The expression for f, (x) is then 
established, first by applying to f;, (x) the operator P and showing 
that this yields an expression for f,,() wholly consistent with that 
for f(x) when n+1_ is substituted forn, and finally by showing 
that it degenerates into f,(v) when n_ is taken as 1. 

The preliminary steps, while very necessary, are quite tedious, 
and there would be no value in repeating them here. Suffice it to 
state that by such means it can be inferred that f, (x) is of the form 


f, (x)=— fey {fone [n a-x|- (? aes Krak )ina- -a-% ] 
lied ¢ iid od 


s 
o_o et SS eg ee o> 


ee eee ei > 


a —— . i 
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where it is understood that each term including a bracket member ' 
of the form [na - ba-x] is to be assigned the value zero for values } 
of x which render this negative. The use of brackets [* *] dis- | 

\ 


tinguishes the operand in each term. The symbol ‘ denotes the 


operation of integration with respect to x between the upper limit 


4 
x and that lower limit for which the ititegrand vanishes. Thus ( 
1 1 
6° [na-ba-x]" = dies [na-ba-x]” . Where 5 occurs | 

| 


with a negative exponent it signifies the inverse operation of differ- 


8 
| 
sa : n n! 
entiation with respect to x . The symbol ( ) means bicn-b)i and 
is one of the familiar binomial coefficients. 


Preparatory to establishing the validity of the inferred expres- 
sion for * (x), it is convenient to assemble certain working ma- 
terial. First ¢) (x) will be defined as follows: 


Pn (d= 1)" “avy” [na-x)-(7 ; arnre Sy ‘t- Ke K Yina- a-x] 


+(3) (Anes s) % Key [na-2a-x~] 


— 


= 


: (3 )itvae 2)" (me HY [na-3a-x]---- 


CAYCE) enor 5 Ut Keep) Toe 
+1) (1-9 SK)" [-x] ' 


where the symbols all have the same meaning as before, but here 
there is no special understanding regarding the bracket members 
of the form {na-ba-x] and they are to exist for all values of x . 
Especial note should be made of the inclusion of a final term in 
[-x] . Otherwise the expression is identical in appearance with 


that for f, (<) for the interval OS x¢a. Next, the typical opera- 
tion 


— EEE 


a 


SP-[B-x] -/[B-»+A) + [1+k-2(a-A)]- dA , 
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is readily evaluated and yields 


. “$) G2 Nido x)-(1- K+ 5 )B- al}; 


Now it can be written immediately that 


a n-1 
tea) en pa} ou oe 


-(7)( srt F (-neat [na- x] 
+( ry (are Sy" K+ 2K y [na-a-x] --- 


—, (4) G Norm Kok ee- x] 
(IH one Bee 28) To 
+(4)" (tote SS )(1-Ko58 )" av] 
fy" (212 me] 
_— terms, .- nameeen 
n+1-2 
Fal- {asi ie. yllnst)a-x] 
hot yt. Ke ue § )[crws)o-a-] 


ap 


+ () rane “(1 Koa ty [(n+1)a- 2a- nj--- 


n+1-1 


+ (-4)"(™) (tence 2 b-ne ee) [a-x] 
(1) (ene él] 


and this is seen to correspond exactly with the expression for 4, (x) 
if nti is substituted for mn. Consequently, Q, (%) must be the 








248 THE EXTENDED PROBABILITY THEORY 


; a 
result of n-1{ successive applications ot the operator - 
certain Q) (x) given by 


p,0a=4.(-4 4) “{(arks ) [a-x]- (4- “K+ aE z)| 
==. J tt+K-S (ax)]- [4- «a c(x)i\eo 


which is seen to be identically zero for all values of x . Now the 
application of the operator 5P to zero yields zero. Therefore 
?,, () must be identically zero for all values of x . Finally, it is 
convenient to evaluate the typical operation 


a - 2K 
[B-x]-/ [B-x+a)-4 [4+n-@ (a-a)]-da. 
This yields 


E(-4)(1+K+ 28 )[B+a-x). 


The expression for f,, (<) now may be established in straight-for- 
ward fashion. 


In the interval Of x $a the expression for f,, (x) will con- 
clude with the term involving [a-x] . As has been shown before, 


the expression for fied (x) should then be given by 
f,1 (x)= ,P- f,(%), for Osx¥a. 


This operation may be evaluated readily, and will yield a result 
that is correct. The form of the result, however, is such that it does 
not display the desired correspondence with the expression for 
f,, (x) . The expression for @_ (x) is introduced here to advan- 
tage. Let it be written 


Fi =, *P. f,C)+, “DP. Q(x), for Ofx£a. 


to a 
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Since the last term is identically zero its introduction is permissi- 
ble. Remembering that ?,, (x) consists of all the terms of f,, (x) 


plus a final term in g x], a rearrangement may he made giving 


fs Ge)aeP.F,(x)+ oP (AY 8 (4)(t-1 4) Lx), for OSxSa, 


n 


Using the operations that have been evaluated above, there is ab- 
tained immediately 


fret) = aa 1)" {orn om *) ies x)- Arte S) (nem * \ro 
(2) (ane ) “(t- K+ 38 S ){na- a 
(4) )(arke ot ty “(- Kae ‘y [na-a- x) 


----+( (4) ce i) (1K Y(t «ak xy = x] 
(2) (wea) (tom+ZE Na-no 28 fax] | 
+a (-§ p ) {( ~1) "(arxee oo aeee ) "fa-x]} for 08% $a. 


Collecting terms, this becomes 
1 4 n+1-2 2K n+i 
faematg) — {(tsKess) treo] 
(9S) wey" “ Kem 5 Linst)a- O- -% | 


’ ( @) (1s Kia y 4 1-K+ a [(n+4)a- 2a-x}~- 


ee eee ees eee 


em K+ 2) = * [a- 2) 


for Oxia 
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and this is seen to be wholly consistent with the formula for . (x) 
for the same interval with the substitution of n+1 for n. 


Now for some interval between x-=a and x=-na, say (na- ba-a) 


¢ x £ (na-ba)where b is an integer having any value from 


zero to n-2, the expression for .. (x) will conclude with the 
term involving [na-ba-x]. For the interval immediately preced- 
ing, namely (na-ba-2a)*~x = (na-ba-a), the expression will 
include the additional term involving [na- ba-a-x}. Therefore in 
evaluating the operation ,P- f,,(), which as has been shown be- 
fore should yield the expression for - (x), the integration of all 
but the [na-ba-a-x] term will be carried over the complete range 
of A from O toa. The term involving [na-ba-a-x] will not 
enter into f,@-A) until A reaches the value (x-na+ba +a), and 
so the integration of it will be between the limits (x-na+ba+a)and 


a. Using the operations that have been evaluated previously there 
is obtained oe 


me O* salt +) “fas 2A) [na+a- x |- (re £ YGxd sp ra] 


— 
(7) 2 Gere tna-a-2] ——- 


eae ee 


aera ay sre ) “ 4 xy [na-ba+a- x] 
-(1) (2) «sey "-1+2 K+ Ky" es ba-x] 
+(1)" bet) (1+ Kee a) “Cos oD "Tpa-ba a}, 


for = eceeneniel 
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Collecting terms, this becomes 


the ™ e-ar(5 P ‘fas rei)” “Teodor 


“(ae +e Ky “(ens2h 5 cnet) a-a-x]-- 


ce eee ea ll 


n+1-b-4 
—+(4)" ey) (tries 28 ” (ine y" Fiestas -(brt)a-x]}, 
for nti’ <x ~€(na-ba). 


and this is seen to be wholly consistent with the expression for 
‘ (x) for the same interval with the substitution of n+i for n. 


eee ee 


Finally, for the interval na £ x £(na+a)the expression for 
{., (x) is identically zero. For the interval immediately preceding, 
namely (na-a)=x%na_ , it consists of the single term involving 
[na-x }. Therefore 


fi =P, ‘ (x) = "P. =a 44)" ‘Ge Kean ay [na-x] 


4 n+1-2 2K n+4 
-Sfa(}) (t+K+ 7) [(n+1)a-x }, for nasx$(n+1)a 


and this is seen to be wholly consistent with the expression for 
f,(%) for the corresponding interval. 

Setting n<41 in the general expression for #, (%) for the in- 
terval O = x a there is obtained 


f,(a)=2,(-4) “fans ) [o- -*}}. 


Carrying out the indicated operations, this becomes 
F, (x) Ef 1+K- 28 (a- x)], for Ofxia 


and this is the f, (%) chosen at the start. 


In the derivation of f_,,(x) from f,, (<) it was assumed that 


n+l 
: “Pp 
the two forms of the operator P , namely —P and vp » are com- 


mutative with the operator when applied to an operand of the 
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. ¢ 1 ; 
form [B-x] . It is very easy to show that os IB -x} yields a result 


I with that of 4 “p.! 
identical with that o “. [B- x } and that wb B LB-x] 


yields a result identical with that of - 3 P[B- x | , and the 
P xB 


space will not be taken here to gtve this demonstration. The for- 
mula for i (x) may thus be regarded as firmly established. 

It has been shown that the complete expression ., (x) is iden- 
tically zero for all values of x . Therefore, if in the interval 
(na-ba-a) $x$ (na- ba) the desired function f,, @)can be 
represented by the ne — 


fyeedata(-4)" Y(t rK+2t K [na J-(P)(arne fy fen J -a-x) 
(2) ow) “(t-we28 [na-2a- x] --- 
~--- +(1) 2 ¢ (1+Ks ey eek+2 )° [na-ba- xf, 


it follows that it may equally well be represented in the same inter- 
val by the negative of the remainder of the — —_—— or 


tntede tS)” fear (Oa) arneZh year) Ina-ba-o-t 


_ )(a+ K+ y tnd i-K+— 2K theta 20-4) 
nas Es) on 8 es 
-(-1) "(a-Ks 2K [-~]}. 


KKemembering that (Raf), ( 2 (nee) , etc., this last may be 
rewritten 


fobededn( 4)” f(t-x+ 2 )"Be)-() Gone J one ) ea] 
al Vue oe) fe 29} ———— 


mba)(rK+2e r Cons24 xy" Phe navbasa) 


n-b-1 


~+(4) 








| 


4 
a. ae Nas $$ —_—_—_ Le 


eee a ~~ 
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where again it is understood that each term including a bracket 
member of the form [x- ba} is to be assigned the value zero for 
values of x which render this negative. The having of these two 
forms of expression for . (x) is very valuable in computation 
work, since it limits the number of terms that have to be handled 


to nee at most. 


Setting K equal to zero gives the special case of the rectangular 
distribution, and the expressions for f,,(x) reduce to the forms 


‘ 1 -2(4) fipo-#l-(?)Ina-a-«}+(3) na-za-x}-—| ’ 


and 
fp, Go) = = ( +)" {pa 1) bx-a]+(31)De-2a) ----- 


Carrying out the indicated operations, these become 


f, (x)= ————— as a mi { [na-x]"=( $)[na-a-x}"+( 2 )[na- Za-x Pomad 


and 
f,% 0-4 fo (7!) ea)" (2) fx-20)=~-- \. 


This last expression is the one usually found in the literature, and 
it was originally developed by Laplace as the limiting form of an 
urn problem. 

Setting K equal to plus one or to minus one gives either of 
the extreme cases of the “right triangular distribution” For K 
equal to plus one the expressions for f, (%) reduce to 


i ey 7 \(t+a b) tna)” * )(+ +i) ; an) a-x] 


*(2)(sed5)"( (4) [na-2a- x} ae } 


£(x) = oy 1G ) [xy (3 Nes) Ps A425 )x-a] ~~ 
CNG)" Gek) 2a} 


and 


re 
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The function . (x) normally has no direct practical application, 
but it is of interest to see its trend with increasing values of n. 
There are shown on Figure 1 several members of the family of 
curves originating with the rectangular distribution, and on Figure 
2 corresponding members of the family originating with the right 
triangular distribution. In both figures the interval a has been 
taken as unity, and there have actually been plotted the curves 
y=n-f, (nx). This change in variable places all curves to a 


common base, and at the same time preserves the property of the 
total area under each being unity. 

For the sum of rn selections the practical worker wants to know 
the minimum value x' ; or the maximum value x" ; or, most often 
of all, the shortest interval x' to x" associated with a certain 
probability value. The probability that the sum of n_ selections 
will be less than x' is given 7 


Fn (Daf tC) dx, 


and the probability that the sum will exceed %" is given by 


na 
F_(x")s i f(t): do. 


x 


Noting that [te ba]-dx fi as ba]. dx «2 x ba} and that 
noe nna it toe 1 "1 si 

f ‘he ba vlaxe/| fna-ba-x)dv=-4{na-ba-x ], since the 

x" “y 


bracket members are assigned the value zero for values of x which 
render them negative, ~ may be written a” 


Foe (2) fet) De) (2)( LHe) Con Jee) 


and 


F, (x")=4 —- £(4)" (@ K+28 2K Y"Tna-x"] 
-(f tbe fone) Kee 5 Mna-a-x'}o(2)(soneZ “y @ K2t) na-Za-x" ]- |. 


(end) Mone) e207} 
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For x'=na or for x"= 0 these last expressions respectively should 
equate to unity, the total area under any probability curve. It is 
simple to verify that they do so, and the demonstration will be 
given for one of them. For the interval O ¢ x"s a the expression 
for F(x") concludes with the term containing [a-x"} Let there 
be added and subtracted a term involving [- x" to give 


wteranlp)” (Cons sp) Ere 
(i ne Show? Nr a-x']- -+(- 1)" > ri frxeZE ) )A-wes K+— yer] 
+ (-1)"(t-ue 28 PEt} 5 AY") ee y Ex] 


From inspection it is seen that this may be written 
u a nt . " 4 a n-t " 
Fa(x')aP™* (4). 0-4 (4) Gm Ex, 


where , (x") is the expression introduced P— Upon car- 
rying out the operations it is found that - * D, (x")=4 ,and 
‘P. [1]=41. It follows therefore that 


F(x") =1- 24)" a) (eve88 ) fx] for 0sx'£a 


and it is apparent now that for x"=O this expression is equal to 
unity. Thus it is seen that the function F(x) also possesses an 
end-for-end symmetry similar to that of f,,(x) . The complete 
expression corresponding to F,,(x) is equal to unity instead of 
zero, however, and where the desired function is represented by a 
partial expression it can also be equally well represented by one 
minus the remaining terms of the complete expression. 


Referring to Figure 3 it is seen that the sum of area A 
plus area B. or FL (x')+ F(x"), gives the probability that 





Figure 3 
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the sum of rn selections lies outside the interval x' to x". In 
an actual problem usually either the sum of A and B would be 
assigned and it would be desired to find the interval x' to x" 
associated with this expectancy, or the interval x' to x" would 
be assigned and it would be desired to find the expectancy asso- 
ciated with these limits. With f,(x) of the character shown in 
Figure 3 and with the sum alone of A and B fixed, any number of 
pairs of values are possible for x' and x". It is also clear that 
the length of the interval x"-x' will depend upon the relative mag- 
nitudes of A and B. There are two special cases, however, which 
cover all normal demands. It is seen at a glance that the interval 


x"-x' will be shortest for a given A plus B when f,,(x") =f, (x'). 


Purely from the standpoint of deviations, this shortest interval 
represents the optimum results of which the group is capable. 
Where the absolute magnitude is of primary concern it might be 
specified that x'= na-x". 

The function which is of final interest, then, is represented by 


the sum F_( x')+ = (x") , subject either to the restriction that 
f,,(x') = f,, (x") or to the restriction that ~'=na-x". For the 
special case of the rectangular distribution f, (x) is symmetrical 
about the line x = x and the two restrictions imply the same thing. 
The symmetry of the rectangular distribution permits giving for- 
mal expression to the sum F (x')+F, (x")as a function of (x"x') 
when x'=na-x". Under this condition the sum becomes equal 
to 2 F, (x') and x' may be written as [ note" w | and there is 


obtained 


Fi (x<)+ F(x") eh eee , for x'-na-x" 


2 
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For linear distributions other than the rectangular this simplicity 
of expression is not possible. 


On Figures 4 and 5 are shown graphs of the curves y =F (n-x) 


for several values of n for the rectangular and for the right trian- 
gular distribution respectively. Here again the interval a has 
been taken as unity and change in variable has been made to place 


all curves to a common base. The values of F,, (n-x')may be read 
directly from the same curves, since F,(n-x")=1-F, (n-x') for 
corresponding values of x' and x". Finally, on Figures 6 and 7 
are shown curves for the sum [F (x')+ F(x" )] plotted as a func- 
tion of (>), subject to the restriction that f,, (x')= f, (« "), for 


several values of n for the rectangular and for the right triangu- 
lar distribution respectively. The values for Figure 6 were com- 
puted directly from the formula given in the paragraph above. For 
Figure 7, however, the values were derived graphically from Fig- 
ures 2 and 5. 

Figures 6 and 7 are applicable immediately to practical prob- 
lems. As a simple example, suppose there is at hand a group whose 
individuals are known to lie within the limits of D and D+a_ and 
to follow a right triangular distribution with the larger probability 
associated with the larger limit, and it is desired to know for the 
sum of eight selections what limits may be expected to be associated 
with a probability value of 0.01. Referring to Figure 7 it is seen 
that the curve for n=8 reaches an ordinate value of 0.01 at an 
abscissa value of approximately 0.45. Referring now to Figure 2, 
the distance 0.45 is fitted in between the two legs of the curve 


! “ 
1or n= 8 , and values for a and 4 of 0.43 and 0.88 are found. 


Consequently it can be concluded that for sums of eight selections 
from this group the probability is 0.01 that the values will lie out- 
side the interval GD+3.44a to 8D+704a. 
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While this study has been concerned primarily with the linear 
distribution, it is obvious that the results may find occasional wider 


application. The curves for A (x) , t, (%) , ete., are of a charac- 
ter suggestive of distributions that might occur not infrequently 
in engineering and physics. If any one of them, say Fi, (x), is 
found to fit the group at hand with practical accuracy, then the 
sequence ‘. (~) , Ee a fs, %), etc. clearly will give the distri- 


bution curves associated with the sums of one; two, three, etc., se- 
lections from this group. 
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ON THE ELIMINATION OF SYSTEMATIC ERRORS 
DUE TO GROUPING 
By |. 
Joun R. ABERNETHY 

In the calculation of the moments of a frequency distribution it 
is often desirable, or even necessary, to consider not the distribution 
itself but another derived from it by certain groupings. As a first 
approximation to the moments of the original distribution we take 
the corresponding moment of the grouped distribution. But this first 
approximation is not satisfactory, and it is necessary to obtain some 
method for the elimination of part of the error committed in replac- 
ing the moments of the original distribution by the corresponding 
moments of the grouped distribution. 

This problem was first discussed by W. F. Sheppard in a paper : 
On the Calculation of the most Probable Value of Frequency-Con- 
stants, for Data arranged according to Equidistant Divisions of a 
Scale. If we denote the n-th moment of the original distribution 
by 44,, and the nth moment of the grouped distribution by yy,» 
we will have Sheppard’s corrections in the form: 


BM, =O, 

4 
Ma-Y ig 
M3=V3, 

iat 
Ma=%4-2%4*240 » 


Me<v;-2 V3, etc. 
As pointed out by Karl Pearson? the hypotheses under which 
these formulae have been obtained are: (a) that Taylor’s theorem 


1 Proceedings London Mathematical Society, Vol. 29, p. 353-380. 
2On an elementary proof of Sheppard’s formulae for correcting raw 
moments and other allied points, editorial in Biometrica, Vol. 3, p. 308-312. 
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mav | > applied to the frequency function throughout the range; (b) 
a 
x f(x) is finite and continuous throughout the range; (c) f(x) 


and its derivatives vanish at the limits of the range. These hypothe- 
ses are not always satisfied by the frequency functions with which 
the statistician has to work; and as it is impossible to tell before cal- 
culating the moments of a distribution whether the corresponding 
theoretical frequency function satisfies these conditions, it is desir- 
able to study the problem from another standpoint. 

A comparison of the title of Sheppard’s paper and the paper 
itself suggests the question, in what sense do Sheppard’s formulae 
give the most probable value of the moments of a distribution? A 
partial answer is given by B. L. Shook in the Synopsis of Elementary 
Mathematical Statistics.’ Miss Shook presents* the formulae 


M,=V=0, p, = v,-% (4- em ), and M,=V, for a discrete dis- 
tribution with m values of the variable grouped in each class interval 


and shows that for a particular distribution these formulae serve 
to eliminate the systematic errors from M , a, , and Ms; - Two 


problems are suggested by the synopsis: the derivation of formulae 
for the class of discrete distributions, as these three formulae are 
stated without proof ;° the proof that this larger set of formulae and 
those of Sheppard do serve under all conditions to eliminate the 
systematic error due to grouping, subject only to the existence of 
the moments involved. When we have solved these two problems, 
we shall be in position to understand the true nature of the approxi- 


3 Tue ANNALS OF MATHEMATICAL Statistics, Vol. 1; p. 34-40. 

4 These formulae are only special cases of a more general formula stated 
by H. C. Carver in an editorial: ANNALS OF MATHEMATICAL STATISTICS, 
Vol. 1; formula (14), p. 111. 

5 Two methods of developing this formula suggest themselves: (a) the 
elimination of the moment of a continuous graduating function expressed in 
terms of fine groupings of class intervals of a on the one hand and in 
the terms of coarse groupings of unit class intervals on the other; (b) by a 
process similar to that of Sheppard, employing for example Lubbock’s form- 
ula instead of the Euler-Maclaurin sum formula. According to a statement 
made by Professor Carver, the formulae in question were derived by the 
latter process. 


Ty 
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mation involved in employing Sheppard’s corrections and correc- 


tions similar to them for discrete distributions. 
The problem we wish to consider is this. Given the probabilities 


QD (x;) that a value of the statistical variable x taken at random 


will fall within the interval xi -4 CX < % +4 , we wish to find 


the moments of the distribution. We consider this problem for two 
classes of distributions: the distribution of a discrete variable; the 
distribution df a continuous variable. In either case we shall work 
with the uni-frequency distributional function f(x) . For the dis- 


a J e 
crete distribution 4 f ( =) represents the probability that a value 


of x taken at random will be the number s, > m denotes a definite 


positive integer; ( j = -2,-1, O, 1, 2, -...). For the continuous 
distribution / f(<)dx represents the probability that a value of x 
a 


taken at random will fall within the interval a<x<b. Thus the 
function f(x) has the value zero outside the range of the distribu- 
tion and we may for the sake of convenience denote the limits of 
summation and integration as t co . For the n-th moment about 
the origin we have: 


' My j n j 1 
Py Elm) flim) mm 


for the discrete distribution ; and 
+00 


ye - [ x" f (x) dx, 
~ 00 


for the continuous distribution. What we want is the value of pp, 


What we are able to find is the value of 


Vv, ” Z ayo (x;). 
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In establishing approximate relations between the set of true 


moments | and the set of raw moments V, } we shall 


ee cal : 
employ another set of statistical constants { Vv . For the discrete 
distribution there are m distinct sets of groupings that can be made, 
‘ 1 —, | ? 
leading to m values of the raw moment Vv : Vv, is used to repre- 


sent the average of these. Similarly for the continuots distribution, 


Vy is used to denote the average of the moments Vin correspond- 


ing to x; =i+t forall values of t satisfying OSt<1. We shall 


call this intermediate set of statistical constants { Va the average 
grouped moments of the distribution. We then divide the problem 


into two parts. First we seek the expression of MM, in terms of the 
=} 
{v,,] . Secondly we seek the nature of approximation in replacing 


ve by vi, . The first of these can be solved completely without 
approximation and without any assumption other than the existence 
of the moments involved. We can best understand the nature of 
the approximation involved in the second after the first of our two 
problems has been solved. 

The m values of Vv; corresponding to the m distinct methods 
of grouping a discrete distribution are given by 


V, (t)= ~ (iste) a L sited ): mt= O,1,... m-1. 


[=-00 


The average of these is 


4 mi ww mi f mig. k+j 
Vat im By Ew oa) Bate S ). 


Ol 
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ony § 
We shall first express the average grouped moment VY, in terms of 
| | : 
the true moments { M nt , and then solve for the { po - in terms 
of the { Ve . We wish to arrange the right hand side of the above 


equation according to values of the argument x appearing in f (x) ; 
we therefore let Ss = mi+k+j . This equation then becomes 


+oo 


Ze 


o ! 4 
m 


m-i ° 

S m-1-2j)7"4 o/ 3 
a (mn? am ) m * - ) 
from which, by means of the binomial theorem, we obtain 


AE (ETE AYE aya). 


i=0 $2-0 





But 


We therefore have 


(1) MA - z (S ) b(n) pi» 
where 

Xs m-1-2) L4 
(2) nto (= —4 mm 


We shall sometimes write b; instead of b; (m) in order to simplify 


the expression of an equation. The change of order of summation 
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. . ' 
is based on the assumption that the m summations Vv, (t) converge 


absolutely, an assumption equivalent to that of the existence of Mo 


since (x) has only positive or zero values. 


We see immediately from (2) that Dou es (m) = 0, since the 


terms of the summation cancel each other in pairs, with the possible 
addition of a middle term equal to zero. The calculation of 62, (m) 


may readily he effected by means ot the Euler-Maclaurin sum 


formula® 


“1 m - D,; (Zi-4) 
2 (ith)=/ g(t)at+ 2, lata 9 - 9] : 


Oo 


M3 


where 
D,=1, 
D,=-3. 
D,- x, 
Do-- Ht, 
De 2, 


6 See for example Norlund’s Differenzenrechnung, Berlin 1924; espe- 
cially formulae en p:.27; (22), p. 28; and (49), p. 30. Formula (39) is 


ey i)D “ee cir )D,.,=0 for riot, Dj=1. 


From this we may obtain ii ies of D,; and show that D rial 2? also 
+i 


n 
we obtain Zz ¢ So D,; :=0 tor m>O which we shall employ in the 
L=O0 


proof of our formula (7). 
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obtaining 


k 
‘2k+1) D 

3 b, a smiiuesieinaaenianbneete =a 

o) — 4’ ms ico § Zi 7 me 


The first few values are: 
b5(m) o4. 
4 4 
b, (m) = 55 (1-=2) ? 


-— 
, a - is ) 





aaa . &. a... 
a, im)- — (3-5 a 

‘ , 294 | 20, 384 
b,(m)= 75 5 (S- me = )- 


A control on the values of b;(m) may be obtained by substituting 
m=1_ ; then all except b, vanish as b, (4 )=O, for i>O. 

Having in (1) and (3) obtained the expression of the average 
grouped moment of a discrete distribution in terms of the true mo- 
ments, we wish to solve for the true moments in terms of the average 
grouped moments. We shall obtain this solution by the method of 
undetermined coefficients. Let 


' n 
(4) H,=% 
j= 


Substituting this in (1) we shall have 
' 


— n n n-- n-i = 
Va B71) b; zt j Ani; Vj 
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from which we obtain 
si 


at 2 sn, -'! ,w-) 
EGY z, ( ‘ ) bE An. jn 


by a change of order of summation effected by applying the Dirchlet 
sum: formula’ 


— J 
Equating coefficients of \/; gives us the recurring formula 


k 
XE (if) bA, =O for k>O, 
t=O 


together with the initial condition A= 1. Phis may also be written 


k-1L k 
(5) A= Ei) by. Ai for kai; A,=1. 


Ordinarily in an expression such as (4) we would have written 
An; (n) instead of A,_; 
now drop the functional expression as we have shown that the value 
of Ay: (n) depending only on n-j is completely independent 
of n . The coefficients A ) are also independent of the position 


of the origin since if in 


; had we done so in this case, we would 


n-i:x? 


7 For the method of derivation of this formuia see, for example, Steffen- 
sen’s Interpolation (Baltimore, 1927), p. 91-92. 
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we substitute 


Meauix (THA;Y, 


ti 
M3 


0 a 


we shall have 


' non nj 
Miwent &, (SIAL i) hv, 


Va cicisx? 


and hence 


n 
Mn: wen EC; TAY, n-j: xth° 


If in (5) we substitute k-41 we shall obtain A, =- b,= 0 


Moreover in general A 2i+1 =O, since by induction if 
A, Age ++ Mgig* 

the terms of the summation (5) will have a the zero 

factors 


Daina Ar Pai-as Ager’ Os: Aaja: 5. 
Also from (5) we obtain: 
A, «1, 
A2=-b 
A,= - b, + 6(b,)*, 
A —— b, - 90(b,)?, 


- De + 56b, b, +70(b,)*- 1260(b,)° b, + 2520(b, 2 
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An observation of these expressions of the As suggests the formula : 


(-1)* (Zi)! k! (b,)*(b,)*4--- (bg; 
Ari” Li (Qna(4l ye “as ye,!)n (a;!) 


where k=a,+a z ... aj _, the summation extending over all 


positive integral or zero values of cigs **** >: a 


a,+ £a,+---+ ja;=t. That this formula holds in general may be 


satisfying 


proved by induction: assume it true for L= O,1,--- j-1 arid 
substitute in (5) for k=2j . Upon collecting terms according to 
products of the b's we shall have established this formula also for 
L = j ,and hence for every positive integral value. 

If in the expressions of the A's in terms of the b's we sub- 
stitute the values of the b's in terms of m, we shall obtain the 
expression of the A's in terms of m . Thus we have 


A,=1, 


Ars-ialt im) 
4 
(6) Ae map (T5 a0 wm 
49, 3 
Ae ism m* + - 
a ss. =, 4. 
Ag ar575 (36! oa oe * Sy). 


A comparison of the values of A, with b,,of A, with b,; of A, 
with b,,of A, with b,, and of Agwith b 8 shows a remarkable 
similarity between the coefficients in A, and those in b,;; in fact 


4 eat 
we observe that A\2; = mat bi (+) . Substituting 4 for 


m .in (3) and dividing by m*‘, we obtain 
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| 4 OS 241) Dax.zi 
(7) A 2x ated A* (2k+1) z a) mat 


In order to prove that (7) is true in general, we assume it true up 
to a certain point and prove it true for the next highest value of k . 


That is we assume 


4 4 . 
Ais Ta bai (Ri) for i= 0,4, ket 
and substitute in 


2k 
An-E. *) Baie ai aie 


another form of (5) since’ DK -zi-d = O. From (3) we have 
; ep am-ntet, Daj 
b eee K-2t+1) 2) 
2K-2i 4k-i (2k-2i+1) 2 ( 2j aii 
and 
A J Ec D,,. 
zi Ai(2Zi+d) peo miZi-2r 


After this substitution we arrange the terms of A, according to 


4 ls 
powers of 7A obtaining 


k 
Azk MET Zz, rie f2(7)P, i} 


oe 2k-25+1 } 
(2k-2s01) F ar J Par J? 


where S= i-r+j. When s=O,1,--- k-1 the summation 
extends from r=O to r=k-s for }#0O,butfrom r=QO to 
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r= k-s-1i for j=O. Since 
k-S 


2k- _ 
L St") 2r = ’ 
r=O 


for s<k, the summation as to r gives zero for J #O but 


-(2k-2s+1)D,, 2. for }=0. 
At the same time for }=Q , the factor ( 135 De — unity 
and we have the desired terms for s= O, 14, ’ -k-1. 


For s=k we have constantly r=O , the summation as to j be- 
ing from j=1 to j=k ; we therefore have 


at the same time that 


cniliciieiaes a - 
(2k-2s01)=,( ar Par * 4. 


We therefore come again to formula (7) with t replaced by s . 
Hence formula (7) is true for every positive integral value of k . 
The first few values of the A's have been calculated in (6), others 
may be easily obtained by substituting the value of the Eulerian 
numbers from some table of D,, .* 


Formulae (4) and (7) give us the expression of the true mo- 


7 My B-() #(4). 


of a discreet distribution in terms of the set of average grouped 
moments 


8 Norlund, loc. cit., Tafel 4, p. 458, gives the value up to Dao 
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WB 5 (2 (4+ m4 Jo(d <= =). 


Employing the particular values given in (6), we have the formula 


Hy = Vn - ig (2 )(4~ pat) Van tae (4)(7 tne nt) Ut 


1 —_— 
(8) oe alt )(31- 43+ 41. 2 )t6 
620 , 294 60 , 

*Tp5z6 (8)(981 - “me + nt” me * m8 Mh 


For any particular value of n, this series terminates and we may 
therefore apply the ordinary theory of limits to (8). Thus we 
obtain 


My= Vp -4 (2) V2 34 (4) Yn. 


(9) 
- faa (0) % Yn6* 3680 (8) Mra 
+00 
the expression of the true moment Mn = / x€(x)dx ofa 
= 


continuous distribution in terms of the set of average grouped mo- 
ments 


ye = [Cz) — (x+¥ Jax =/ xd (x) ax. 


We have thus completely solved the first of our two problems; we 
have obtained the expression of the true moments in terms of the 
average grouped moments without any assumption other than the 
existence of My . The existence of Mi requires the convergence 
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of the summation or integration as the lower limit approaches -oo 
and as the upper limit approaches +00 independently. 
If in (8) we replace 
+00 l 


Ya Em Cnt Gm ) 9 


= 
— 


“Ss 


by 


, = : 
v, = Li) P (xj), 


we will have the general Sheppard-Carver formula. Since there is 
no approximation involved in (8), any error in the Sheppard-Car- 
ver formulae must be a result of the error involved in replacing 
the average grouped moments 4 by the raw moments y;' . By 
definition v: is the-average of the 


Yi) = B Cet) 0 (ist), 


and, therefore, if we take any particular grouping at random, 


Yi EC) OCH), 


is the mean of a random sample of one from the parent distribution 
Vv; (t) and hence the most probable value of V,’: The Shep- 
pard-Carver formula, therefore, gives the most probable value of 
the true moment ,L), of a discrete distribution in the sense that 
these formulae eliminate the systematic errors due to grouping. 

Similarly, we shall obtain Sheppard’s corrections if in (9) we 
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replace 


+00 


vy, =/ x' D(x)dx, 


-00 


by 


Y= Ze 5) OC). 


These formulae give the most probable value of the true moments 
j4',, for a continuous distribution in the same sense as do the 
Sheppard-Carver formulae for a discrete distribution. 

The Sheppard corrections for continuous distributions and the 
Sheppard-Carver corrections for discrete distributions give the most 
probable value of the true moments { Mn } of a distribution f (x) 
in the sense that they give an approximate value for 1, which is 
correct on the average. That is these formulae eliminate the sys- 
tematic errors due to grouping whatever the distributional function 
€ (x) so long as the moments under consideration exist. While it is 
true that the accidental errors not accounted for in these corrections 
may not be negligible, these formulae do give the most probable value 
of ML for a particular grouping and hence have a basis for uni- 


versal application. 





ON MULTIPLE AND PARTIAL CORRELATION 
COEFFICIENTS OF A CERTAIN SEQUENCE 
OF SUMS 


By 
Cari H. FiscHer 

In a recent paper* the writer considered a sequence of q vari- 
ables defined as follows: The first variable, x, , is defined as the 
sum of n, values of a variable, ¢ , drawn at random from a pop- 
ulation characterized by a rather arbitrary continuous probability 
function, f(t) . Each succeeding variable, x;, (i >41), is defined 
as the sum of Kini values of t drawn at random from then, , 
valués composing %;_4, plus the sum of n-k,_.4 ; Values of t drawn 
at random from the parent population. 

For variables thus defined, it was proved that the correlation 
coefficient between any two consecutive sums, %; and %),,4, 1s 


tL 
independent of the probability function, f(t). and is given by 


(1) r Kiied 
i ei " (n: n.- ) 
L oi+d 

lt was further shown that the correlation coefficient between 
two variables not consecutive in the sequence is equal to the pro- 
duct of the respective coefficients of correlation between all inter- 
mediate pairs of consecutive variables. Thus, the coefficient of 
correlation between % | and x p? (j <p). is 

a. oe - “7 

%j~p % 5% jot iat, j+2 %p-2,p-1 *~p-1 Xo ’ 
or, in a simpler notation, 


(2) 


Pip = Mj, 41° +a, jez “pz, p-1°" p-t, p- 


* On Correlation Surfaces of Sums with a Certain Number of Random 
Elements in Common. Annals of Mathematical Statistics, Vol. IV, pp. 103- 
126. May, 1933. 
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Let us now determine the multiple and partial correlation co- 
efficients existing among a sequence of variables thus defined. 

Consider the fundamental symmetric determinant,  , which, 
with its various co-factors, appears in the standard formulas for 
multiple and partial correlation coefficients.’ If we substitute for 


each ripe (j#i-1 i, +1), in R , its equivalent from equation 


(2), we have 


4 42 922s °° S223 G-tq 
4 ! 23 2354-1, 
"2 %3 23. Rosttss ++ Gea 
(3) R=) "2 25"34 233 = Se 45° 94,4 
re "23°" -2,q-1 te "G-2.q-4 9° 9-29-1707 q-1,q 
-f 1 


Multiply the second row of R by Tis and subtract it from the first 
row. Now multiply the third row by m3 and subtract it from the 
second row. Continue this process, multiplying the j-th row by 
"j-1,j and subtracting this row from the ( j-1)st row, until all 
possible rows have been so treated. Equation (3) may now be 
written 


1H. L. Rietz, “Mathematical Statistics”, Carus Monograph No. 4, pp. 
94-100. 
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4 rn? O 
| 
ae "3 a 
f/f a " 4 _~ 
| 2% (4 Ga) 23 A ae 0} 
| 
(4) R= r 
(4 4 ) ror 4 “ rn. (4-r4 0 > 
fnew Gs! 23'34\* ‘4s 34'*°'45 
| e 
e eT eee Jnr in". ie 5) oO 
"293°" G2 btq/ Ga G2gi 4 Gig 3 2 pig!’ q-1q) 
. r ” . r c z 
42 23 G-1.q 23 «-9-1.9 34 qq q-4.4 


The expansion of may now be readuy accomplished. The’ 


application of this same method of procedure to each of the various 
Rij , (where Rij is the co-factor of the element rij ), yields 
without difficulty the results made use of in the remainder of this 
paper. 


A. Multiple Correlation Coe ffictents 


The formula for the multiple correlation coefficient of one 
variable on the remaining q-1 variables is 


fi-@ 
(5) My-423----f-4, +1, a“(%, ) 


alr 


. 


From equations (3) and (4) we derive the following expressions 
for the necessary R and Rij » (j24,2,3,--° q). 
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Re (4-43 )lt-03 Nit-n i 4-13) = (4-r/o.2,4-1 Mi-r24.q Fs 
Ri (4-135 (4-152 4-n2)-- - (1-76-2,.9¢-4 Ma-ré3q)i 
Regen gg a-ryg M(t) A-rg.2,q4)(tG41,¢ ); 
(©) Rysetentltengebllt-gd) ---- (tres qilltets,q)s 


Rij= (4-02 X1-45 pa (4-72, aXbris PF iat (4-004, js2 


sree (4- r9-2,q-1 M4-r§-1,q)3 


2 
Rg-4,9-1 = (1-47 \(s- * pains (1- "9-3,q-2 Mi-re 20-4 req) 
Rag (tee Meng): + - -eetagel(t-r§-2,9-4). 


Upon substituting the proper values from (6) in formula (5) 
for the multiple correlation coefficients of the first and last varia- 
bles, respectively, on the others in the sequence, we find 


(7) A 234-9 = "2 > 


(8) er 423---q-1> Q-1,.q . 
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The multiple correlation coefficient of any other variable, x. jon 
the remaining q-1 variables is given by 


4- (4-r. )(A-r; +1 
423--- “| 44) i oS 
(9) . ~ (br rt “1,1 ra jet) 


: [ 2 
- (3 +P iat - -2r¢ alt 
(4- ryea,je 4 je 


It is to be noted that the right member of (9) is independent 





of all of the simple correlation coefficients except fF rj and rj ie. - 


B. Partial Correlation Coefficients. 


The formula for the partial correlation coefficient between 


any two variables is 
(10) r.. = a 
Lj-1234----q (R: Ri) /2 


From equation (3) we derive the following expressions for the 
co-factors of elements other than those of the principal diagonal 
of the determinant. Because of the symmetry of the fundamental 
determinant, we know that Rij =k; ; hence in expanding the 
co-factors of the elements of each row, we shall consider only the 
Ri where i $j. 


1. The co-factors of the elements of the first row are 


12 =r, (1- ps W(t Jeon, qa N(t-n24 


R= (i= 3,4/5,--- a 


-R 
(11) 


2. The co-factors of the elements of the second row are 


(12) Rass (Age) tas (458) ord-2,q-t lb g2.q Ji 
R= 0, (i= 4,5,6,----q). 
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3. The co-factors of the elements of the jth row are 


(13) — Ri jet = (1-y, 2 M(t-53 23 ).--(- 5c tial +4, jez (he) 
Rj; =O, (i=j+2, j+3, tenes q). 


4. The co-factor of the last element of the q-th row is 


(14) -Ro-t.4 . (1- is \(t- ae) (gos) G-1,q° 


We see at once that all partial correlation coefficients between 
non-consecutive variables vanish, as each co-factor Rj j7 O if 
L# j-1 ,j , j+41 . The non-vanishing coefficients, those be- 


tween consecutive variables, are given below. 


(1-rZ ) ; 
(15) 42-345---q ~ 2 sity] ? 


12 23 


(16) on. (4- rea) rhs, j+2 ) 
j,j+4-1234---q~ v4 (1- ) - 
ne j-1,j ry iat real fA, j+2 


i 


(17) (1- rae q-1) 
. ie * 
9 1,q-1234----q- q-1,q (1-r2 29-1 eae) 


From (16) we can state that in general the partial correlation 
coefficient of consecutive sums xj and Xj,4 is independent of all 


simple correlation coefficients except ria je "i +? and Mit, jer" 
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C. Summary. 


To summarize, we have shown that 


1. 


The multiple correlation coefficient of a variable x; 
on the remaining variables ot our sequence is inde- 
pendent of all simple correlation coefficients except 
those between x; and the immediately preceding and 
the immediately following variables, respectively. 
The partial correlation coefficients between all pairs 
of non-consecutive variables in our sequence are zero; 
a result that appeals to the intuition when it is recalled 
that we are eliminating the effect of the variables that 
form the connecting links between the two under con- 
sideration. 

The partial correlation coefficient of any pair of con- 
secutive variables, x; and x;,,, is independent of all 
simple correlation coefficients except those between 
the two consecutive variables in question, between the 
first of these and the variable immediately preceding 
it, and between the second of the pair and the variable 
immediately following it. 


Cart N. fracker 
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AN EXPERIMENT REGARDING THE X TEST 
By 
SELBY Rosinson* 


1. Introduction 


R. A. Fisher has proposed that in case the hypothesis being 
tested has been partially obtained from the data, the Elderton table’ 
for X should be entered with n' equal to, not the number of fre- 
quency classes, but the number of frequency classes minus the 
number of statistics computed from the data. It has been proved 
under certain restrictions that this theory holds in the limit as the 
size of the sample approaches infinity.? 

For samples of moderate size our only guide is experimental 
evidence, which indicates that Fisher’s method is satisfactory in 
practice.® This is true in particular of the evidence presented in 
the present paper which describes a coin tossing experiment sug- 
gested by Professor H. L. Rietz. 


2. The Experiment 


The experimental work here considered was done by seventy 
students each of whom tossed seven coins 128 times.- In any 
one of the seventy experiments, this results in a frequency distri- 
bution of 128 items divided into eight frequency classes. But we 
lumped together the classes of zero heads and one head and like- 
wise for six heads and seven heads, so that we had six frequency 
classes. If for every coin on every throw the probability of heads 


* National Research Fellow. 


1Karl Pearson, Tables for statisticians and biometricians, (1914), 
Table XII. 


2, Neyman and E. S. Pearson, Biometrika. V. 20A (1928), pp. 263- 
294. 

3 Yule, Journal of the Royal Statistical Society, V. 85, pp. 95-104; 
Brownlee, ibid., V. 87, p. 76; Neynam and Pearson, Loc. Cit.; Sheppard, 
Phil. Trans., A. V., 228, p. 115. 
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is one-half, the expected numbers ™; in the six frequency classes 
are 8, 21, 35, 35, 21, 8. The divergence of the actual distribution 


My > M2 peer Me from the theoretical one is measured by 


i=6 ~v 
2 (n,- mj) 
xX = > =< 
t=1 i 


If we had possessed only one sample of 128 throws, we would have 
looked in Elderton’s table with the value of X“ and with n' = 6 
(the number of fre~uency classes) to find the probability P,, that 
a sample would by chance deviate from the expected distribution 
so much as the actual sample had deviated. But having seventy 
samples, we compared the distribution of our seventy values of X P 
with that expected from m =6©. The arithmetic mean of our 
seventy values of X % was 4.62 whereas the expected value was 
five; a deviation which could very well occur by chance. So our 
results are consistent with the hypothesis that the probability of a 
head is always one-half. 

We considered next the following composite hypothesis: the 
probability p of heads is i..e same for all coins on all throws. For 
any sample of 128 throws, we took as the estimate of p the actual 
proportion of heads among the 7 x 128 possibilities. From this 
value we calculated the expected frequencies, Myr ves ME . For. 
each of the seventy a we computed 


° (ny- mj)? 


When we used the X* test to compare this distribution of X45 
with that expected for n'=6  ,.we found that Re =:O1. But 


_ when we compared our distribution with that expected for 


mn’ =6~-4=5 we found that Py =.82. The mean value of our val- 
ues of x? was 3.97 compared with 6-1-1 =4demanded by Fish- 
er’s ean, and with five by the theory that x," is distributed as 
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X*. If the latter theory were correct the probability of the mean 
of seventy values of x being so far away from five, is .007. 
That our distribution of : corresponds to that expected for 
n' = 5 whereas our distribution of the values of ** corresponds 
to m'= ©, can be seen from the following table.‘ 


















Values of X . 


















Observed Expected Observed Expected 
(or x2 ). f requency frequency frequency ‘frequency 
of X% n'=6 of X; n'=5 


0—1 


1—2 12.2 
2—3 12.5 
—_ 10.6 
4+—5 8.3 
5—7 10.6 
7—9 5.2 
ereater 
than 9 


4In computing Px we combined the first two classes of this table 
and also the last two, thus making n'=6, 


Stley Kebiweer 
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ON SAMPLING FROM COMPOUND POPULATIONS 


By 
GEORGE MIDDLETON BROWN 


Introduction. 

The decided asymmetry or the multimodality of certain fre- 
quency distributions may have prompted the idea of the possibility 
of the existence of frequency curves, apparently single in charac- 
ter, but which, on further investigation, might be shown to be 
actually composite. In other words, apparently homogeneous ma- 
terial may prove to be heterogeneous, or divisible into two or more 
distinct homogeneous groups. 

The above ideas lead naturally to the problem of dissecting a 
compound frequency function intd its various components. Karl 
Pearson’ successfully solved such a problem, using the method of 
moments, on the assumption that the compound parent population 
was composed of two normal components. Each component curve 
has three parameters, the mean (or position of axis), the standard 
deviation, and the area (or total frequency). One requires there- 
fore, six relations between the parameters of the given compound 
frequency curve, and those of its two components, in order to deter- 
mine six unknowns. The ultimate solution of the problem turns on 
the determination of the zeros of a nonic equation, the location of 
whose real roots is obtained, to successive approximations, by 
means of the so-called Sturm’s functions. 

The dissection problern was taken up later, first in a paper by 
Charlier,? then in a joint paper by Charlier and Wicksell* who 


* A dissertation submitted in partial fulfillment of the requirements for 
the degree of Doctor of Science in the University of Michigan. June, 1933. 


1 On the dissection ot frequency curves into normai curves. Karl Pear- 
son. Phil. Trans. Roy. Soc, Lond. Vol. 185, Pt. 1, pp. 71-110. 1894A. 
2 Researches into the theory of probability. C. V. L. Charlier. Meddel- 
anden frau Lunds Astron. Observ. Sec. 2. Bd 1. 1906. 
_ 8 On the dissection of frequency functions. C. V. L. Charlier, and S. D 
Wicksell. Arkiv. fur Matematik. Astron. och Fysik. (Meddelande) Band 
18. No. 6. 1923. 
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considerably simplified the theory, finally arriving, however, at the 
fundamental nonic due to Pearson, for the solution of which, they 
suggested the use of a graphical method. They also studied special 
cases of the more general problem, e.g. the means of the two com- 
ponents assumed known, the compound curve assumed symmetri- 
cal, or the standard deviations of the two components supposed 
equal. In addition, they extended the problem to the case of fre- 
quency functions of two variates. 

In the present paper, I propose to investigate the sampling 
problem in the case of compound distribution functions, and from 
a consideration of the dissection problem, one is led to a division 
of the present investigation into two main parts, for the following 
reasons. | 

On the one hand, in sampling from a compound population, 
if we do not know the proportion contributed to the total f requency 
of the sample by each of the two components of the parent popula- 
tion, we are essentially sampling from a single population. That is. 
random samples of N are drawn from a single composite parent 
population made up of two components. Hence, the previously 
obtained results for sampling from a single parent population will 
be available if we derive expressions for the parameters of the 
compound parent in terms of the parameters of its components. 
This is done in Part 1. 

On the other hand, however, if we know the proportion con- 
tributed to the total frequency of a sample by each of the two 
components, the situation differs entirely from that studied in Part 
1. Here we are concerned with sampling from two distinct parent 
populations, and in Part 2, I develop a method for dealing with 
this problem. Thus, in Part 2, it is assumed that samples of r 
and $s respectively are drawn from two distinct parent popula- 
tions, and these two samples are then combined to yield a sample 
of r+s<=N from the combined populations. 
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Therefore in Part 1, we are essentially sampling from a single 
parent population, whereas in Part 2, we are sampling from mul- 
tiple populations. 

The developments of Part 2 yield some new sampling results 
for sampling from two parent populations. In Section 6, I derive 
expressions for the semi-invariants “of moments about a fixed 
point” in samples from the compound frequen. function, in terms 
of the corresponding semi-invariants of the moments of its compo- 
nents. In Section 7, expressions are derived for the semi-invariants 
of “moments in samples from the compound population about the 
mean of the combined sample,” in terms of r ands, and the semi- 
invariants of the two components themselves. 

The occurrence of a certain class of well-known polynomials 
in the development of Section 1, is of especial interest, since these 
are, except perhaps for sign, the semi-invariants of the binomial 
distribution, and have some rather important properties, and their 
further study, although not pertinent to the problem in hand, should 
yield some very interesting results. 

Section 5 is devoted to the discussion of the case in which a 
limiting compound frequency function exists, under certain as- 
sumptions regarding the nature of its components, where the num- 
ber of the latter is allowed to increase indefinitely. This idea of a 
limit frequency function would appear to indicate the possibility 
of a new approach to the theory of frequency curves, in which the 
variable may now be a complete frequency distribution in itself. 

This investigation was begun on the suggestion of Professor 
C. C. Craig, of the University of Michigan, U. S. A. to whom I am 
indebted for constant inspiration and guidance during its pursuit. 
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PART 1. 
Section 1. The semi-invariants of the compound frequency 


function, in terms of the semt-invariants of its two normal com- 
ponents. 


The main: object of this first section, is to obtain expressions 
for the parameters of a compound population in terms of the para- 
meters of its two normal components, and to this end, I shall use 
the following definition of the semi-invari-~ts of Thiele.’ 


re 
a” A 
\t+ ah [400-0 ‘ 


I write therefore 
F(~)= p- Q, (x)+q Q, (x). 


in which f (%) is the compound frequency function, 0), (x), 9, @)are 
its two normal components, and p+q = 1. 


If L,> :.. z? ete. are the semi-invariants of f(<), then 


242) 
(yes gta “ape niet (8 fers.) 21] 


where m,, M,, o, ; O, , are the means and standard deviations of 


g, (x), G, (<) respectively. For convenience, I write 


FF q_ 
mz-m,=a. 0,-0,"=b. > * P. 


We wish to express the hw, in (1) in terms of the quantities my» 


Mo Op 0,» p , or q . 
Taking logarithms in (1), 
1 Numerous references relating to the theory of semi-invariants may be 


found at the end of “An application of Thiele’s semi-invariants to the sam- 
pling problem”. C. C. Craig. Metron. Vol. 7, No. 4, 1928, p. 73. 
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: 
L,t+L, hele , 
(2) 2) toq(terett® 
= fog p+(m,t+o7 £, ) 4+ tog +re 2! ) 


We require now a suitable form for the expansion of the third 
term of the right member of (2) in successive powers of t . We 


have 
2 


ot” bt 
tll r }. foq(tr)+ fog jg oe -4 )} ‘ 


Further 


bt? . .bt* ; . 
wm telen'™ 5 )-Z F - > arte | 


bt? 
/ iat+ =) 
The complete representation of terms of the type e 2 


in the right member of (3) will be 


os iti k . bt* 
Bp CA) (*) e @t+z ) 
k=14 L=0 





k L 
But 
- 
bt . - . 
i(at+ — ) co iJ bt 2 J 
a a ~~ sit 
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n 


Therefore, the coefficient of = in the right member of (4) is 


n Zj-n pn-j -j 
Zz. ct ncaa where | 834] means the largest 
(as 2™). (2j-n)!(n-j)! 


jz (ast). a+d 


integer in 


n 
Then, the coefficient of 4 in the right member of (3) is 


7 gO (ie nia2t" » n-}. J 
(5) — 


stag] 2°-2i-n Mn)! 


and this is the relation sought, in which the semi-invariants of the 
compound frequency function are expressed in terms of the semi- 
invariants of its two normal components. Below, I have written 


out in detail the expressions for L, to Ly inclusive. 


L,=m,+aq. 
Lo= o,*+q[a*(4-q)+b]. 
L3= a*paq 4+ 3abpq. 

(6) bg= a*pqq, + 6a*bpqq, + 3b*pq. 
Ls= a"pqq. + 10a*bpqq,+15ab*pqq,. 


L.= a’pqa, +15 a*bpqq + A5 a*b*pqq, +15 b’pqa,. 


L+- a'paq, + 21a°bpqq,+ 105a°b'pqq 5° {05a b*pq4,- 
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4 
Le= a'pqa,+ 28a°bpqq,+210a"b’pqq f420a'b pqq 3105 bpaq. 
Lg -2'pqq,+36a'bpqq,+ 378.a°b'pqq, +4 260a° bpaq gt 945ab pqq,. 
in which 


q,~ 1-2q. 
9471-69 + 69". 


q,* 1- 14q + 36q?- 24q3. 
(7) 
don 1-50q+ 150q* 240q5+120q%*. 


q.° 41-62q+540q*- 1560q*+ 1800q*- 720q°. 


Qgr 1-126q+1806q- 6400q 166009" 15120q°+ 5040q°. 
Qg=1-254q +5796q*-40824q *+1260009* 191520g° 
+ 1441120q°-40320q7. 


The expressions for the L., in (6) have two properties, which 
enable one to write them down readily. In the first place, assuming 


that the polynomials in q(orp=1-q) are suppressed, i.e. qd. = qa, = 


Pq, q,=P4 q 3° qs Pq, etc., are all set equal to unity, then the 


resulting functions in “a” and “b” are readily obtained by means of 
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a well-known recursion formula. Secondly, considering the poly- 
nomials: q as coefficients in the several terms of the original com- 
plete expressions for the L,, in (6), for n>2 , and arranging 
these expressions so that their corresponding terms appear in col- 
umns, the first terms in the first column, the second terms in the 
second, column, and so on, then every term in any diagonal array 
proceeding from upper left to lower right, and consisting of one 
and only one term from each of the expressions (6), will have the 
same polynomial coefficient. 

I proceed now to obtain expressions for the L, in (6), in 
which the individuality of the polynomials q q5 ‘1 , etc., has 
been suppressed. This time I write 


, bt* - 
(8) tog (1+re™* ©) « tog {100 Z * (ats ‘|. 


The term in t°in E (as eM is 


S$ 2k-s -k 
t-a b? 


(2k-s)!(s-k)12 s-k 


Rearranging the series jn brace of right hand member of (8) 
in successive powers of t , 


at+ $s a*k-s. bs-*.+5 
toq( tere #), toglter E n eel 25*(2k-s)! (s-k)! 


- | 1” a,t* 
= tog({+r)+ toq|1+0,t+2+ Bets s+ Sr +e: |. 
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where 0-98; EBD oss 


s 
in the series in the brace in the 
right member of (9) is 0,5, where 


Therefore, the coefficient of 


(10) Q-qL #8 


‘From equation (2) and (9) above, we have 


tt 48 
Lyt+L. 2 Hage----- 


(11) 


= fog p+ fog (t+r)e(m,¢ & ). fog(1+0r+ 5" «..) 


21 
Therefore, equation (11) becomes 


(12) L,t+ tA. + = (m,t+o2$1) + tog(t+9t + 0,45 riba ). 


One might note, in passing, that in (12), the @'s are playing the 
role of moments, if one recalls the definition of semi-invariants, 
so that it would be possible to write down a second general expres- 


sion for the L's, using the well-known formula for semi-invariants 
in terms of moments. 


The first six @5 take the following form 


Q,=4qa 

Q, = q(a*+b) 

Q, = q (a*+ 3ab). 

Q, = q(a+ 6a*b+ 3b?) 


0, = q(a°+ 10a°b+45 ab’) 


0, = q(a°t 15a*b + 45a*b*4 15 b3). 





ml es ‘ 


L 


P TT ee 
a 
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{f, in the last set of relations, we set qzi , we then have 0, = As 


and if in the expressions (6), q. q'5° q 


.* etc., be all set equal 


to unity, we shall get, for n>Z, 


Li =B, - 


I shall now show that the (’s follow the recursion law 


ee 


(13) ayy-(arb 5, ) bs. 


2 
Now, putting at+ bt =9(t), we have 


Oe tee) 


_—— ———————EEE we ee _— 
» Sle 


<, -@ P(t) [b+(a+ bt )*]. e ott) 


g. -e O(t) = [Sb(a+ bt)+(a+ bt)”] e M(t) 


( 
and in general 
| 


9 (t) 


a> _ O(t) 
(14) - 


a = (b,arbt).e 


where R (x,y) is a polynomial of degree Sin x andy. 
It is easily shown that 


Q(t) 





(15) — {R(aasst} = oS fp (b, a+bt)-e } 


t=O 





t=O 
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and that 
(t) t 
(16) p.t.e” ae 
Sat 
t-0 t=O 


Now deriving the left member of (14) with respect to t , and then 
setting t=O , gives the next 6 , namely 5, 1? by definition, whilst 


the derivative of the right member of (14), and setting t=O, 
would equal the sum of the right members of (15) and (16), which 
establishes the proof. 

The second property of the expressions for the L, in (6), 
which requires proof, may be stated as a theorem thus—““The k-th 
polynomial coefficient in the expression for the semi-invariant 


L. ie 3 m>1, is identically equal to the (k+1 pet polynomial co- 


efficient in the expression for the semi-invariant L._,,4”. 
For simplicity, I have considered the first and second poly- 


nomial coefficients of L _ and L ot respectively, the proof going 


through in exactly the same manner if perfectly general terms in 
these expressions were considered. 
From (5), suppose that n= 2m (even). Then 


am 
Q7yL. nz 


k c4)**t-g afs)g wate 3 
ke4 ist k 


The leading term in Lo , i.e. the first term in Ban? multiplied 
by a polynomial in q , is obtained from (17), by setting j= Zm. 


4+L K 
a x oi) gem jam 


It is 


Kei t-1 


jem POR aa 


ell 
eg 


mY 


A 


——i) 
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Therefore the polynomial coefficient of a*M ie. the leading co- 
efficient in L, _, is 


(18) “nL 


Again, from (5), when n= Zm+i (odd), 


sii ay, tree j 


amet vt ict ok (Nb amet 2 @met)i. 2) -(2mat)]![2me4 -j ]! 


The second term in L zmeii® obtained by setting j= 2m. It is 


amet k (-4)t* OK ry 
cus = (i) -mn(2met)-a2™4p.i2™ 
Kei ied kK L 


Therefore, the polynomial coefficient of gt, b i.e. the second 


coefficient in L azmsi_ iS 


Zm+i k ad A+ k 
(18’) zr ae § 89.3. 
k= i= k L 


Comparing (18) and (18’), which must be identically equal, if our 
theorem is true, it remains to show that 


Zm+i =. 2m 4+i 
SE te (td) 520, 
Z2m+i = iwd L 


but it is well known that this expression is identically zero.” 


2 See Hall and Knight. Higher Algebra, p. 259, Ex. 2. 
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Section 2. A table of values of a@ certain class of poly- 
nomials in one variable, for different values of the argument. 


In order to facilitate the actual computation of the values for 
the semi-invariants Li ,» given in Section 1, in a — appli- 
cation of the theory, a a=m,-m,,and b=0, oF , are 
known, I consider the expressions for the L,,, as on caper in 
the form indicated in (6). Now, when b = o)-g%0, i.e. the two 
components have identical standard deviations, the set of relations 
(6) take the form 


' 2 4 
(19) L, =m,+aq - lo. 0,*+ a*pq and L.=a"Pq4,, > nr 


in which Ee etc., have the same significance as in (7). Mak- 
ing use of the properties of the expressions (6), which were stated 
at the end of Section 1,‘from (19) we may write the L_, 

n >.4, as follows 


a hye lela res - 


vo 5 5(2)L Peo wh . 
att) ik SD 
)e 


™~_ 


teat aI ail, ees 


Lpatyesel? 1 sra(2 b) jo1200(°) +a8(2 eh... 


and so on. 


Therefore, for n 74 , the general semi-invariants L., of (6) 
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imay be expressed in terms of the special semi-invariants i 
obtained from the former by setting b=0O. From (20). in general 





we have 
in which 

Lak =O PA nk 
because 


[4 - (2k 
ra (2) 


L,-2 a PAIK 2K 


k=O 

n-1 

Iz n-2k | k nh) 
"eo RB tt ete * 


and the last expression, for n >A, is the equivalent of the general 
expression (5) for the L_. 

Further, if we omni the terms in the expressions ( 20) as 
elements in a set of diagonal arrays, as I have indicated, it is evi- 
dent that, moving downwards along any particular diagonal, any 
term in this diagonal is obtained from the one immediately pre- 


ceding it, by the use of a multiplier M,. e (2) The formula for the 


calculation of the M, » , may be derived as follows. 

Consider any term of say L_ , whose numerical coefficient is Cit 
Let this be the (k+1)st term. 

Then 


» 
ca | oo — | 


nek) 
Cust 7 2K! 
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Similarly, take the (k+2)ndterm of L naj ? With numerical coeffi- 


cient aa howe * Then 


nese? 


k+2,ned 9 2k+d. (144)! , 

d te that d are the numerical co- 
and we note tha Cust n an CK+2, ned e the numerical c 
efficients of two adiacent terms in one of the diagonal arrays men- 
tioned above. Therefore 


(n+1)(n-2k) 


a > 
k+2,n+4 2(k+4) k+in <— 


and 


_(n+t)(n-2k) 
k+i,n 2(k+1) 


It is of considerable interest to note, that the eo of (19) (for 
1>2 ), are, except perhaps for sign, the product of the semi-in- 
variants Ay (n>4) of the binomial distribution and appropriate 
powers of “a”. To show this, we need only consider the generating 


' at 
function for the = , namely 1+qle ~4), and that for the An viz. 


ur _. , ' 
[4+p(e -1) | , with s=4 . Frisch’ has obtained a recursion 
formula for the A ne which is 


d 
n= PQ ao And ; not 


1 Sur les semi-invariants et moments employés dans 1’étude des distri- - 
butions statistiques. Ragnar Frisch. Skrifter utgitt av Det Norske Viden- 
skaps-Akademi i Oslo. 1926. No. 3, Ch. 2, p. 29. 





wm 
2 a a 
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° . . ‘ . ; 
Therefore, it is evident that the L " obey a corresponding recur- 
sion formula 


' n d \ 
Lj=a PL Gg tnt wee 


In fact, the polynomials q. = Pq, Os Pq4, q 47P9Ty etc., are the 
same functions of q as the . are functions of p, i.e. 


Anz An(P). » qn 2 r,(q). ' for n22, 


To nae thoroughly the properties of the polynomials” 
dV,’ dy Dy? etc., would be irrelevant to the problem in hand, but, 
so far as I "henw, such a study has not been carried out. I will, 
however, mention a few of these properties, which appear inter- 
esting. 

1. The roots of the polynomial i (for any n 22 ) are all real 
and distinct, and these roots all lie in the interval (0, 1), zero 
and unity being roots of every a 

2. The roots of qn separate the roots of qn, - 

3. The polynomials Ven , of even degree in q , are symmetrical 
with — to the ll x=t , whilst those of odd degree in q: 
namely q' 2nad ” are symmetrical with respect to the point 
(7%, 0) 

4. An orthogonality property in (0, 1) holds if mfn, and m+n 
is odd. agi is 


[i qn Cn =0. mn, aie 
0 


4 
J Gin nF © mén, maneven) 


2 These same polynomials appear as functions of o in a paper by H. 
C. Carver on “Fundamentals of the theory of Sampling.” Amer. Statisc. 
Assoc. Annals of Math. Statistics. Vol. I, No. 1, Feb. 1950, p. 106. 
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5. Further 


4 

: -{ 
J Yen dq=(4)" Dom 
0 


in which 5, is the Bernoulli number of order 2n. 


1 
Sens ‘dq <0. 


In calculating the actual values of the L n expressed in the 
form (20), it would obviously be very convenient to have at one’s 


di la table of val f th l ials q! = ,Qi= , 

isposal a table of values of the polynomials q, pq q; P44, 
qd P94,’ etc., for a range of values of q; since the latter, when 
multiplied by appropriate powers of “a”, are the = of (19) and 


(20). I have, therefore, set up such tables, for values of the varia- 
ble q ranging from .O1 to 1.0 inclusive, at intervals of .01. 
It is to be observed that only functional values are recorded 


here for .O1 $q¥.50, since we would merely repeat these values 
when .5O0¢ q $ 1.0 , in the case of the polynomials Von’ of even 


degree, whilst in the case of those of odd degree, namely a ‘ 
there would merely he a change of sign. For it is easily seen that, 


writing, om = A,,(q), 
alge" Ane, paged. 


Hence 


V2n (q)= Az. (p). 
and 


Aen (q)= Nantes (p). 


I have calculated the exact functional values of all the poly- 
nomials Vn , for 24n =q and these values appear in the tables 





— ooh i — = 
et ee 
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Ye 
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for those cases in which n< 4, but for n> 4 the functional 
values are written down correct only to eight decimal places. Each 
polynomial is set out in detail below. 


qd 704": 

qd =4- 3q*+2q3 

qi, =9- 7q*+12.q3- 6q*. 

q's = q- 15q7+50q?-60q*+ 24°. 

Vp = 9-31q*+ 180q?- 390q%+ 360 q°-1209?. 

gq, = q- 63q*+ 602q?-2100q*+ 3360 q°- 25204 + 720q! 

qe = q-127q*+ 1932.q%-10206q*+ same 34920q° 
+20160q’- 5040q° 


QVq = 4- 255q7+6050q%-466209*+166824.q° 


~ 317520 g°+ 332640q7-181440q9+40320q9 
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PPSOSISEREARSRASRO SAT ES SST ESS 


-0093 1194 
-0172 9504 
-0240 1914 
.0295 5264 
0339 6250 
.0373 1424 
0396 7194 
.0410 9824 


:0117 8874 
-0064 0000 
-0007 6314 


0664 9856 
0722 1126 


.0777 3216 


1124 4576 
.1153 4406 
.1178 7776 
.1200 3750 
-1218 1536 





. . ar ee <a e . 


ds 


0085 4940 
.0143 9048 
.0178 0198 
-0190 4886 
0183 8250 
-0160 4106 
.0122 4974 
.0072 2104 


-0133 4808 
-0214 4440 
0298 9550 
-0385 5882 
0473 0250 
.0560 0502 
-0645 5494 
.0728 5064 
0807 9996 


0883 2000 


0953 3676 
.1017 8488 
-1076 0738 
-1127 5530 
1171 8750 
1208 7030 
1237 7722 
.1258 8872 


. 1089 2110 


LO, pi, 
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q 4 qo. | q | dy q, 

(01 | 0070 7614 | .0042 8133 | - .0008 6757 | - .0098 9983 

"02 0089 7874 | "0007 0941 . - "0168 9834 | -.0405 4526 

03 .0066 5276 | -.0120 6717 | - .0398 1333 | - .0700 8269 
04 .0009 5797 | ~.0273 1414 | - .0632 2635 | -.0843 1166 

.05 |= .0073 2687 | -.0443 6381 | - .0823 9570 | -.0752 0088 
06 |-.0175 0006 | -.0614 8682 | -.0939 9591 | —.0395 8596 

107 |~.0289 3297 | -.0772 7839 | - 10959 0866 | 10219 6545 

08 | -.0410 6621 | -.0906 2746 | - .0870 3171 | 1061 3469 

09 | -.0534 0591 | -.1006 8733 | - .0671 0523 2076 9234 

! 10 =| -.0655 2000 | -.1068 4800 | - .0365 5440 =| ,3202 0992 
‘11 | =.0770 3465 | —.1087 0989 .0036 5241 | .4366 5482 

12 | -.0876 3077. | —.1060 5914 :0521 3085 | 5498 7950 

13 | -.0970 4057 | - 0988 4432 .1071 9393 6530 1537 

) 14 | -.1050 4428 | -—.0871 5459 1669 5230 .7397 8144 
15 | —.1114 6687 | —.0711 9919 .2294 023 :8047 1682 

16 | -.1161 7493 | —.0512 8831 .2925 025 8433 4602 

17 | -.1190 7356 | —.0278 1528 .3542 3967 /8522 8519 

) 18 | —.1201 0342 | —.0012 3997 4126 8411 8292 9704 
| 19 | —.1192 3784 0279 2652 4660 3653 ‘7733 0158 
\ ‘20 | —.1164 8000 (0591 3600 "5126 6560 6843 4944 
.21 | =.1118 6020 0918 1615 -5511 3781 5635 6392 

; 122 «| -.1054 3324 (1253 8237 5802 3985 -4130 5748 
123 | -.0972 7586 1592 4855 5989 9440 .2358 2811 

124 | ~.0874 8429 1928 3676 6066 6961 0356 4020 

125. | —.0761 7187 .2255 8594 6027 8320 - 1831 0547 

.26 | ~.0634 6676 .2569 5961 .5871 0148 -.4155 0871 

:27. | —.0495 0971 2864 5266 5596 3389 ~.6563 1025 

28 «| -.0344 51 :3135 9717 5206 2368 -.9000 3211 

129 |—.0184 5333 -3379 6740 -4505 3506 —1.1411 1524 

:30 |= .0016 8000 .3591 8400 -4100 3760 — 1.3740 5184 

31 .3769 1728 - 1.5935 1019 
"32 -1.7944 5014 
33 (1754 6769 -1.9722 2773 

34 (0834 5462 -2.1226 8757 

135 — .0132 4420 -2.2422 4216 

36 - .1131 6952 -2.3279 3728 

37 - 2148 1421 -2.3775 0310 
38 - 3166 4796 -2.3893 9063 
( 39 -1557 2201 - .4171 4155 -2.3627 9368 
40 -1708 8000 - .5147 9040 -2.2976 5632 
41 1850 2283 - .6081 3721 -2.1946 663 
42 — .6957 9341 -2.0552 353 
43 - .7764 5916 -1.8814 6575 

44 — .8489 4184 -1.6761 0632 

45 - 9121 7270 -1.4424 9645 

46 - 9652 2163 -1.1845 0081 
| 47 - 1.0073 099 -1.1474 9129 
° 48 - 1.0378 207 —.6129 8577 
'49 ' = 1.0563 0756 — .3091 2081 

j-1. .0625 0000 -0000 0000 
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Section 3. Approximate expressions for the semi-invariants 
of %3,%4, 0, m™ samples from the compound frequency 
function. 

In the paper of C. C. Craig, already cited, the author obtained 
the following results for sampling from a single parent population. 
(1) Expressions: for the sampling characteristics of the correla- 

tion functions for v,, v3, and v, : \y , in terms of N, the 

size of the sample, and the characteristics of the population 
itself. 
(2) Expressions’ for the sampling characteristics of the distribu- 

tion functions for #, , % , and Oy, in terms of certain “g” 

functions, the latter being defined by 


a a 
2) gp (Yup = tne) 
c 


in which Sy. (vi, ‘ v, ) are the characteristics of the corre- 


lation function for Vi, ‘ Va y 


I can now make use of the results indicated above, in conjunc- 


tion with the relations (6) of the present paper, in order to deter- 
mine approximate expressions for the semi-invariants of 4, , dy, 
©, » in samples from the compound frequency function, retaining 
only terms of order - 2 and higher in N in using expressions (1), 
and only those “g” functions in using the expressions (2) which 
are of order —- 2 and higher in N , where Be is of order SatT 


A. The semi-invariants of of, , viz. b. b,, b,, etc. 


2” 3” 
From definition (21) and the relation: (1) for m=2, n=3, 


and making use of the following notation 


1 Loc. Cit. p. 57 et seq. 
2 Loc. Cit. p. 50 et seq. 
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L: rSt 
-S «ans ‘te 
(22) Gj- | , Di * O° 9, Q; ete. 
L,* 


in which the Ln are the same as in (6) of Section 1, 1 obtain the 


following set of “pg” functions. 
0 + t(N- 1)} . using for brevity g, 9 = gyp (V,,4): 
Gon “RE fCNANN2) Go } 
So “ni N-1)"@, + 2n(n-1) | , 
Gus “Ha {NAAN 2), +N (N-AN(N 29} 
~ Ge — ne (NAVUN-2°Q, + ON(NA)(N-2)A, + 
QN(N-1)(N-2)°Q, + ONA(N-1)(N-2) f. 
Gay «hs {ONG HAAN(W-A)*O, AN (I-A Y(N2) GEN (NA 
du “a8 f(rea)'(n-2) 9, +16N (NA) (N-2)4, 
H2N(N-AY(N-Z\2N-3) 4,5 +ABNAN-A)(N-2)4, f. 
dat lena )(N-2) Q+24N(N-4)°(N-2)°Q, 
+ON(N-1)(N-2)" (GN-11) 9,4 +9IN(N-4)(N-2) (3-542 


+48N“(NN-1)(N-2)(ON-44) Q,+4BNN-4N(N-2)(0re-20)02 


+36N (N-1)( 2); 
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Gos HB ND IN2)'Q + ZIM) INZI'G, +27H (NS)N2) ON-ANQ, 


+2TN(N)(N-2)*(AN-7)),4+54N*(NAXN-2)"(AN-7) Ps 


+162N2(N-1)(N-2)(5N-12)0), , + 36N2(N-4)(N-2)(7N230N+34)G)° 


+4068N °(N-4XN-2)(5N-12) 0, . 


and on substituting these values for the “g’’s in the expressions 
for the semi-invariants of a from the relations (2), I get :— 





13,4 (783,045 ae Se an 2A 

a: heh 32° 6b ).A sal OPPO, S20 Of + Beg, 
| z)) (44 333, 69 62739 

| _ \ d,+ A(e > wis ay). a(S qs 

| $99, -8 4, +1859, -29 25024 238 135 9. 245 6" a 


b- ft (9249 9%) eta 213 219 «2259, ABS gy" 2505 3) 
stash (-214,-24,- ‘sl 29, 224, 228%, 

5-453 2254, e248). i t (24-+361),+44, +995 

| 138%, EL 2), * (9011350, +4089,+943+279; 93 


- 3992. B01 g 24 - 239 339, HBO s-40y)} 


b,-42 ccc 33°96, + S514, S592. a ‘) 


- aft (23%, 364, 2b, 1963 2 219) vant 


+ 30 afk oaes3500s 30% . ge + 219, das -9 Bi gt 








| 
| 
| 
. 
| 
| 
| 
| 


— 


ee ee 
. 





GEORGE MIDDLETON BROWN 311 
9 4323 1 21 wo 9 
+2937 “A TA d - 36 dyas- 2 2). fRa(-432 q, 


-513 1824, - 8104),- £ Yo -108 45-210, +17104,” 


9 89421 81 ZT tA3 9 4 12g 
5939+ <,* 56+ 5 Vea* > a ; as )} 


b,-0 


In a similar manner I obtain 
B. The semi-invariants of &,» viz. C,, C,, Cz, ete. 


Ini this case ms=2, n=4 , and the “g”’ functions this time are 
Sort 5 (nv i). " for brevity gq, 92 G9 (%.y) 
Foie sa)N(N* -AN+6)Q), + 3N(N- *2n+1)}. 
qos “aN N(N-2)9, amie a. 

4. wef)» 2( TH2S Myr 4 12( n-2)}. 
Oe 4 sp y(N -8)),+4(7N- 46)4, +AB(N-8)4)_+2(I7N-128))) 
+12( 1TN-08)4),+72(3N-20)42+ 24(4N-43)} 
Sar Mer 820,4 45 +8}. 
tan" 260+ 400,,+34.9's176d, +144.,'+ 72} 7 


4 2 21 
Sio* ne ,+ AA da* 56 d+ 2084), ,+ 4416 g; +596 q,, 
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+2016 4) 45+ 1512 941564 2+ 2832.4),+4176 0+ 768 4 


ee 


4 2 aL 
Gos" Og 6049 2089),+492 017684) +462 d) +1476 q, 


+ T3440), 137700), + 7648d),+ 8260 +25344 O,,. 


156724) 411448 0 0+ T3440. + 51048 011192324) 


+12456 9)+49248 gy, + 110592 9". 9504.9? ! 


Therefore, substituting from (24) into the expressions for 


the semi-invariants of oy given by the relations (2) we have— 
4 1 2 2 
cg 2h (604214) }+ (401+100, -754)7+522 4) +644, )} 
' ( 6:29, +> (174-64,-99"-1094, -480)*) 4%, (1209-99, 


-924, +4894; +150,- 4209" 3600,,+2724/ +1341 0, +48 4, 


ant (128.640, )+ (1688+720,-462.4712564,+2864/) 
+248 (364-220, -20¢)*-4084, -13207)s ~, (5064-359, 
282.9, +26009)+ 6808 4,-12009* 14009, +1464 2 
+2A00,,+664, )}4 = (1320+7q),+ 244d, + 494.0" 4023764, 
118004, 336Q,+164) +9604" +, (-32208-1400), 65449, 
-24409,'- 37192-75000, -481684,- 70569, + 704 4,4 


+696 0, -5324),+1856Q,+9536 024322560), .. #241924). 


ai 31 22 5 
384Q) +169, +45312 9) +068109) + 122884 -364, 18404). 


| 
| 
| 
| 


— aia —_~— — Se 
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2 4 21 21 21 az 
-809;-28800), + 11920) -9600)"-84.9)°- 504 d.7 )I. 


1 (3 
or . (-2080+644), 64847-18244, + 256¢,”) 


25) , 
+30, (7488-280, -169,+46080)"+ 105924, + 288 4, 


-1120d,. +3609, {r2176g24) +34, (-28896+ 20, -88 d, 
53444) -2752.9,-387760, -67672 },-377284, -3526 d 
+5284,5+672 Qyr- 20089), +13924)+92169+ T1524) 
+241920), ,, #161444) -108000)"+33964 9's 501124~ 
-AA16 O),.+ T1520, -480), 23684), -984,-11764),2" 

- 6067-48042") (114912-50._.-184 -3304 -69, -10404., 


13324,,-36400._-1684" 73809-36720 


8 2377 08880 a 


-39240 95 12240 -725 TQ), + 23120) -STZAOPs 


211 22 424 4 41 
-3672009),.- 2552409) -596160¢) | +355084 -2462404), 


-5529009),-475204-792 9,,-10089,,+470644,,-2088 05 


2 


2 
-10728 9)" 


4 4 21 34 
- 362889, ,-272169,, + 350480 Y, -50976 dy 


-T51080,,- 198244) -204 9, 3369, +3048)". 0964) 


Zit 


-3570 9), 


-120960),,.- 90720), «17424-16992, 


-250560)-,-4608¢), +729), .+4320)2+10084, +381604, 


4 


+3456 9. +207300). +48384 @, 3054964, +3623044, 


asi 121 2 41 2il + 
+27 7344.0 +249) +1152 'azgisa5tz gths04g8l68)} 


C,+0 
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C. The semi-invariants of Oy (=VV, ) , Viz. d, : d, ‘ d, , ete. 





‘ v, 
Now g..= Fro and om (v,)= “ 2) from the relation (21). 
Therefore, the “eg” functions here are— 
4 ; 
9° a aa -1)| for brevity tr = Fr (v,) 


9. SH -2) 0, + vei 


(26) 


G57 mt 294+ 40, +6} ; 


On substituting from (26) into the expressions for the semi- 
invariants of gy from the relations (2) gives— 


d,a,fB +4 (8 -ta) (See 2eze a) 
dy '2{8(0-0,)eba(-7+$ G6 -40, 207-20%)} 
dy~$[(5-£0,+20-203 202}, 


d,=0. 


Section 4. The case in which the compound frequency func- 
tion may possess non-sero semi-invariants of all orders. 


Instead of the components of the compound frequency func- 
tion being considered normal, I now assume that they may possess 
non-zero semi-invariants as far as the third order, and I again 
derive expressions for the parameters of the compound in terms 
of the parameters of the components. The method of derivation 
is entirely analogous to that in Section 1, where the components 


were normal. The expressions for the L,, , the semi-invariants of 


the compound are seen to be more complicated in the present case. 
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but this complexity is more apparent than real. In fact, I have 
succeeded in deducing a rather simple general law, by means of 
which,these expressions may be written out, and this law is still 
applicable, even if the two components should possess non-zero 
semi-invariants of higher orders than the third. 


I now write 
(27) s* leks shit a 4 sential ash 4+ nt + 4 . 
where 
ad=m,-m, , b= 07. a4 c=A,- Au. ps s 


and m eM, 5,9, have the same significance as in Section 1, 


and, A,, 2 3 are the third semi-invariants of 0), Q, @) respec- 


tively, and as before p+q-+1 . Taking logarithms in (27), we 
have 
- 
Lit+l,7+L3yi+-: 


(28) 
St A ". ct? } 
= tog p+(m,t + _ wast + fog Vere 2 “3 


3! 
Purther 


at+ bt ct fo ay” 
(29) tog t+re ae By yale? 4) + tog (4+r), 


k=1 
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in which 
bt? ct? 
B= at+ a + Si 


The right member of (29), may be put into the form 


oo K (4 “ " oo ip? 
| é s | ar 7% | + tage 


k=4 t=4 kK J=0 





n 
Therefore equating corresponding coefficients of ‘.. in the right 


nt 
and left members of (28), for n>3, gives 


(30) 


“ie 


n 
L.-Z. 


K=1 L=L k L 


¢ay™.a* k Val . 4, 8 y 
ee age erey TOO 


where the last summation is taken over all values of ) , such that 


oc 
“ 


the following diophantine equations are satisfied. 


(31) a+O+y =), 
A+ kO+Sy=n. 


Using (30), I obtain, for n= 1 to 8 inclusive, the first eight 
semi-invariants of the compound as follows, 


L,= m,+aq . 
L2= of +gfat(t-4)+b} : 


3 ' 
Ls =A; +a q37 3abq), +eq. 


A\ \ 
Ly= a q,* 6a*bq), + 3b*q, +A4acq, . 
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le * aq. +410 a*bq), + 15ab*q)', + 10a’cq), +10 bcq), . 
(32) Le = agi +45atbg’,+45a?b4q) + 15 bq,+ 20a‘cq, 

+00abcq, + 10c%q). 
Lj=a'q!+Z1a%bq! + 105a'b’q!, + 105 ab*q), 

+35 a'cq', +2100" beq),+ 70ac*q', +405 b*cq', 
Le= a®q i+ 28a° bq! +240a°¥ q,,+420 a’ b’q'. 

+ 105 b4q | +56a%cq! + 500a" beq, 

+ 280a%%q) +840ab*c q,* 280 be*q , 


in which q, =q-Pq> q- pq9, etc., and are in fact the same 


polynomials that occurred in the discussion of the case for normal 
components in Section 1. 

The expression for the L_, in (5) may be put into a form 
similar that that of (30), and then, if we compare these two forms, — 
it is obvious that no new polynomials q', will occur, in addition to 
those which appeared in (5), and this would be true however many 
non-zero semi-invariants the two components may have. 

Using the results established for the L,, in Section 1, it is 
evident that, if we consider a particular semi-invariant, say Ly . 
of (5), the terms in the right member can be readily written down, 
if we determine all the | part partitions of, where | and nm are 
fixed, using the integers 1 and 2 as part magnitudes. Suppose we 
have o& parts, each equal to 1, and A parts, each equal to 2, where 
4+O=j and 4+26=n, then such a partition corresponds to a 
term of the type a*b®q', (omitting the numerical coefficient), 
the factor a* b® arising from the last summation of (5). which 
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is clearly seen, if the latter be put into the same form as (30). In 
addition, it is to be noted that any J part partition of n will be 
unique for this case. 

Now if we consider the case of the present Section, for n>3 
the Lo of (30) will be seen to contain, as well as the same terms 
of the corresponding L,, of (5), some additional terms, the latter 
appearing on account of the fact that, since the integer 3 is now 
admitted along with 1 and 2 as a part magnitude, the j part parti- 
tions of n will no longer be unique for every possible value of | . 
These ) part partitions of n will, moreover, give rise to terms of 
a, b& ch 


the type a c qi -where the relations (31) are satisfied. Fur- 


ther, the total number of terms in a given L a for n not too large, 
can be readily obtained by making use of the so-called “enumerat- 
ing function,” discussed in works on combinatorial analysis, which 
enables one to determine the number of partitions of a given integer 
n, when the number of parts | , and the part magnitudes 1, 2, 3, etc. 
are fixed. 

It would appear, from the above discussion that the partition 
method of obtaining the terms of L,, could be carried over to the 
most general case, in which the components may possess non-zero 
semi-invariants of all orders. 

I shall now indicate, without going into detail, that, if in the 
expressions (30) for n»3 , I set every q' equal to unity, then 
the Ly become functions of a, b, and c only, which I call Pn: and 
the latter obey a recursion law analogous to the one established for 
the Re of (10), namely 


(33) Baye (arbo +c Bas 


where now 


2 
7] 


2 
n at+ bt .ct 
fam ‘ villi \ by definition. 
a t=0 





ee, Qe ¥ 


SP —————_ i 
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, +3 
Putting ?(t) = at +t a ro} 


(34) Sale ef}. =P n(C b+ct, asbt+ ct ).e M(t) 


where P,, (x,y,z) is an n-th degree polynomial in x, y, and z. 
Again, it is readily seen that 


of) qa o-fP, (c, b+ct, a+bt+ & 2) 


t=0 
(35) 
-(.2 co PR bie. b+ct artist) <®) 
da t=0 
and that 
d 
(36) Re rac = =a-P- 2 
t=0 t=0 : 








Now deriving the left member of (34), with respect tot, and then 
setting t=O gives the next 6, viz. Cast , whilst the derivative of 


the right member of (34), then setting t=O , would equal the 
sum of the right members of (35) and (36), and thus the law in 
this case is established. 

It is at once apparent that the recursion formulae of (13) 
and (33) may be generalized, so that, if the two components should 
possess non-zero semi-invariants of all orders, the law for the ba 
would then be 


Prac (arb 2 +c9s dd + etc., «. ) Pq: 
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a, b, c, d, etc. being the differences between the Ist, 2nd, etc. semi- 
invariants of the two components, respectively. Thus it appears 
that the actual writing down of the expressions for the parameters 
of a compound frequency function in terms of the parameters 
of its two components may be reduced to a partititon process, and a 
taking of derivatives. 


Section 5. The limiting compound frequency function, when 
the number of components ts allowed to become indefinitely large. 


It is to be noted that if the compound is assumed to be com- 
posed of a greater number of components than two, then the 
mathematical development becomes heavy, but a rather interesting 
case arises, when we consider the form of the limiting compound 
frequency function, when its components, infinite in number, and 
identical in form, each contribute the same proportion to the total 
frequency of the compound, and have their means distributed ac- 
cording to the known frequency law f(x). 

First of all I consider the compound to be composed of a finite 
number of components, say M+, of the type indicated, and later 
pass to the limit, allowing M to become indefinitely large. 

I write now 


¢. + 42 43 
(37) ohtt an *ts'si* LP petit trina *Ais io 
i 
\ s 4 
in which P= ML for all t= 1, 2, 3,..... —— diss ee 


etc., are the Ist, 2nd, etc. semi-invariants respectively of the i-th 
component. The right member of (37) may be written 


+2 +> ; 
out tA gi *Aasait 4 faz +De (Mint my 


M44 





_ —_—_— — 


eS . 
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in which m, is the mean cf some component, and m/; ,, is the mean 
of the (i+41)st component. 
If we now assume that m 4= A44=0 , then 


- + 
oF Leazitls 3 yee 


(38) 3 
eS 
=e 12 43 ak +35, e 
=z 
and the right member of the last relation is the generating function 


for the moments of the compound frequency function. Allowing 
M to become indefinitely large, we have 


t t t 
dim «at fives est, ea ae o MM+L eee | 
ao 
xt 
= [ 0". +6).d0 =6,(t). 
—-% 


Therefore the limit of the generating function (the right member 
of (38) is given by 
42 


+3 
A >=+A SS 
e 12%" 15 5 Gy Ct) , 


so that the semi-invariants |, of the limiting compound frequency 
function are given by 


tt 43 S. 2.... 
qhitelagttsn* Mana 4 a, 
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_ From this last relation, it will be seen that the mean of the limiting 
compound is equal to the mean of the means of the components. 
Further, if the means of the components are normally distributed, 
and the components themselves are normal, then the limiting com- 
pound frequency function is also normal. More generally, if the 
components are normal, and their means follow any frequency 
law ¥(<), then the limiting compound function also follows this 
same law. If now, considering the most general case of all, where 
the components may have non-zero semi-invariants of all orders, 
and the means of the components are distributed according to the 
frequency law Fé), then the semi-invariants of the limiting com- 
pound frequency function may always be calculated, and will be 
given by 


in which Ly ,A “k? t, , are the k-th semi-invariants of the limiting 


compound function, of one of the components, and of F(x) respec- 
tively. 

This shows that the variate z of the limiting compound fre- 
queycy function, is distributed as if it were the sum of two inde- 
pendent variates, one of which is distributed according to the law 
of the means, and the other according to one of the components. 
To write down the actual distribution function for the limiting 
compound is quite another matter, but since we may write, in the 
limit, when M-» 02, 


-. - 2. 43 42 
orate bazittasi* ofan asst o att tyzit 


then, the distribution function sought, provided it fulfills the neces- 
sary conditions, may be given formally by means of the Fourier 
Integral Theorem. 
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PART 2. 

As indicated previously, in the introduction to this paper, we 
are concerned in this second part with an entirely new problem, 
in which we are now sampling from two distinct parent populations 
instead of from only one, as in Part 1. Hence, in order to obtain 
‘the desired sampling results, we must have recourse to an entirely 
different method of treatment from any we have made use of here- 
tofore. I shall suppose that 9,0), 9, @ , the two parent popula- 
tions may possess non-zero semi-invariants of all orders, and that a 
random sample of r is taken from the first population, and a ran- 
dom sample of § from the second population, these two samples 
being then combined to give the composite sample from the com- 
bined populations. 


Section 6. The semi-invariants of “moments about a fixed 
point,” in samples from the compound frequency function. 
With the above hypotheses, I shall derive in this section, expres- 
sions for the semi-invariants of “moments about a fixed point” in 
samples from the compound population. 

Calling the required semi-invariants S, ‘ S, : 95. arc, we 
have, by definition 


- + 
5,t+5,71+5, 517°" 
e 


(39) 


ron ts 
i “fle 
iz. 2°) (N 


' jeri r+S 


(dx) 


- | “fig "To," 


-& 


in which 9, : P, (x) are the initial parent frequency functions, 


and s%i > 2%} , indicates that the variate was taken from the first 


and second parent respectively. By a suitable transformation of the 
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parameter in the power of the exponential which appears in the 
right member of (39), this same member may be put into the re- 
quired form 


| [9,c0) r RF AE a ( rs il Fosoate® J oN oe Ee * 


K 
On équating corresponding coefficients of "a in the last ex- 


pression and the left member of (39), I get 


ke!» kK oe" 7 gl 
1) 7S, (va es S(t) 
Sx , )- : “(rae , 


in which S, (vi), S)(vp ), x (Vi) , etc., and 5, ‘v), 5 (V}), 


a (Vv, ) , etc., are the Ist, 2nd, 3rd, etc., semi-invariants for V', 
in samples from the two component populations 9,00), and 9,0), 
respectively, the values of which are well known." 


Section 7. The semi-invariants of “moments about the mean” 
_ in samples from the compound frequency function. | 

Employing the same sampling procedure as in the last section, 
I wish now to consider the semi-invariants of “moments in sam- 
ples from the combined population, about the mean of the com- 
bined sample” and to express them in terms of %, , 4), and By, 
6, , (the semi-invariants if the component distributions 9,6), 
Qe) respectively), and r ands. 


In order to obtain the desired results, I have made use of a 


1 Loc. Cit. pp. 12-13. 
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modification and extension of a method originally employed by 
C. C. Craig for the case of sampling from one normal parent pop- 
ulation. I shall first develop the theory for my case, on the basis 
that the two parent populations may possess non-zero semi-invari- 
ants of all orders, imposing the condition of normality only when 
actually computing the desired results. The mean of the combined 
sample is 


r r+ 
y= 2 Mtl 3% 
t \= r+) / 


i 


We wish to find the semi-invariants 3, of y, " 2, * . 


which 4; “iY and r+s-N, i particular values of y, 


and for idle many sets of r+s variates, assuming that each 


slid 


member af each set is independent of all the rest. The §sin each 


set satisty B 8 =O 


Naw, let F ( © S Ba )be the correlation function of the first 
- 
| “4 i) - Thea FIS oO: S 05, d6, ZO. , RIVE 2S the proba) i, lity 
that the nyst N-1 @& fall simultanequsiy within a cell 
(04+ 749, 73 db, On 4° 48y- ) 


The semi-invariants o1 F (6, 6. 5, »)are defined by 


N-A 


‘ _— c St; 
Kio, /a6,/ He Aa F(O, 0-6 ett ay 
/ vod 4 Noe 


id . J N-4 : yy 
$+ i 2, Vt: I+: ; an ahs 
iE) 2) (Ey; i) “4 (BM iti)? 


pee ee eo 


} Loc. ( ‘it pp j io 35 
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where e.y, 


2 (2) 
(41) Edit) = raots + 2A tit +Agat 


t a3 ¢ 
Setting N 
a 
-= 7° X%: °° @s = ee ° 
O° F, oi) % 9ij i 
N- 
a. == 
we have ” N 


5B. =4 mi ti)+5 (Zarit) 
= jax, ff bes dx, 19.0) 1d, of ot Fa aij xi' 
tl, “aigt;)* (Ea diy tj Yee 


-! 2 
. Ea 2 (Zou) 


Bout) ef (Baen)h 


eo Gi nest) S ‘(Z. Fi neat ye 
mE % ovat SEB Gi reati ye 


a(z Gi res 1,).4 F(Z Fi res +) —— 
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i Which & . ete., are the Ist, 2nd, etc. semi-invariants of the 
4° 
first componens 0 9.6), and Pq » 62> etc. are the corresponding 


senil-invariants for the second component 0, (x). It follows then. 
that 


N-4 \(k) Nl K Net k Net 6 
o Ai tj i/ wy (z aj, (ait; + +(Foid ) 
N-1 K /N-4 K N-4 - 
P\(E,0 Oj rt ti) (z *, wtih (Za; vst} 


ky kp Ky ky kp ik ky ky k 
2. 7 Nd BP FO 
itty fate Ot 142 Sg2" Ont, 2* * Ae ze” Ong 


or 


ake ok ok k k 
n-i 4 2 N-1 
* 6, Jo O ry 72, aa” Ont rede razz 42 “Oy or+2*” 


> 2s Kn-4 
Nie Oy rts Ores Net 54s ' 


where K,+ k+ tees +k ys k 


so that 


A 


resek K k 
4a 2. N-4 
K4Kp > Nee | Eo, Oj ---Q@ 


2) N-4,} 


rs 
Ky ka Kn-4 
6,4 E Agog ONT 
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By substituting for the a’s from the relation (41) in the last equa- 
tion, the latter may be reduced to the following convenient form, 


where, now, Asko: ie » provided that, 


=A 
oe kyKa-- +--+ Ky 
at least one of the k; in Aki ke envi equal to zero. 


{ © ele, ky 
Aharon an ( EC) Ot) ) 
(42) 


r+s k- Kj y Ki 
+84 ( Ew ona) )\ 


In the case of one parent population, all A kiko Ky of the 
same type, i.e. whose subscripts k,k,___.. kw are merely different 
permutations of the same set of integers K go Kae vers Ky , were 
equal, This is no longer true for two parent populations, for we 
must now distinguish between the §'s which arise from observa- 
tions from the population 9,0), and those from d, @). I therefore 
introduce, at this point, what I shall call the “bar notation”. For 
example, from the relation (42), all Mea K2---Kel Mog Krag il be 
of the same type, and therefore equal, if the first r subscripts are 
merely different permutations of the same set of integers ky, k,,°- ky, 
whilst, quite apart from the first r subscripts, the last s subscripts 
are also different permutations of the same set of integers k 


r+’ 
k 


r+z2 0°-++Kpys- In writing down the semi-invariants of the cor- 


relation function F , using the “bar notation”, for convenience, I 
shall suppress zero subscripts. Further, on account of the relation 
(42), all Ai ico.-ke]Kpad--KpyglO® Which Ky K+ Kprke yeh, 2 
will vanish, since we are assuming now, that our two parent popula- 
tions are normal. As a matter of fact, the only A 
that I shall require here are the following, 


Wha Wel rat" Kas 





—_— 
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rv, + 5B, - ZN«al. 
a) +5 6, - 2NB,}. 


+ s6,-N(, “6,)}. 


| 
| 
alo “na r4.,+s 6, +N(N-2) 2} 
Dv ta\ra 4, +96, +1N(N-2) 6}. 
| | 
“rer 
fs 


The above expressions were obtained from (42), after assuming, 


(without loss of generality,) that rat s6,=0 . If, instead of 


this last assumption, I had assumed that A slo or A ol were equal 


destroyed, but the amount of labour necessary to obtain them would 
also have been doubled. The symmetric substitution actually made, 
required that only half the final number of terms be obtained, the 
remaining half in any particular result being readily written down 
by interchanging the 4’s and 8's as well asr ands. 6" 


Now, let PY) be the probability function for V2 Zz % 
i=i 


- to zero, not only would the symmetry of the final results have been 
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The semi-invariants of PW) are then defined by 


+% 3 
S,t +5271 + 3, 51+ od Vt 
e = P(v,)-e ‘dv, 
(43) ~ 

7 nent 

i=4 LiN 

. fa fas db,-F (6,6,--6,)-e! 
“Spo 


Regarding the use of F(5,,6,,--- 6, )instead of F(5,,6 a Ons) 


in the above relation, see paper by C. C. Craig. 


We wish now to express the semi-invariants S, in terms of 


the semi-invariants A aan ae of the correlation function 
Kyk2 N 
’ .e . 
F(6,,6,: real 6,) for the 6s. The semi-invariants L ret .... 


of the correlation function for 6. are defined by 
N N (2) N (3) 
4 4 
%- }, 3. +: a ites - 
(Bh i) z(E, titi) “2 (Ziti) : 
+ 00 N n 
- a 6 ty 
(44) - /a6, ae. — [46,.F (6,,8,--8,)-0 


vie (E, Vai t)+ (z J me 


nive a 


by expansion of the exponential function. Then, comparing the 


1 Loc. Cit. pp. 18 to 19. 
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relations in (43) and (44). it is readily seen that 


(45) 3S : uD sienna L 
k NK SD icin »  Kak2---Kp 
k,! Kp: Kp : 2 
in which the summation is taken over all values of kK k,, ints Kes 


such that 
coe + = 
k,+k,+ k,=k. 
Making use of the explicit relations for semi-invariants in terms 


of moments and vice versa, we have from (44) and (40) 


N (k) 
(Z titi) 


ca )irestte y* lresete-)-4] | k! 


46) -<O7...2 
a GI)"(b1)*(ct)---- . 
N N b 
CE vniti oO)" ((S,vaiti) } pane 
N (n) 
(Zvi) 
(47) — itis 


(al)(bi)S(ct)t... oristtt oo. 


where, in both these relations 
a> b >cCr>-° 
and 


or+bs+ct+--: =n 


From the relations (46) and (47), the L,, can be found in terms 
of the moments of F , and these, in turn, can be found in terms 
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of the semi-invariants of F , by equating the coefficients of like 
powers of the t's on both sides of the two equations. Examples 
of the kind of relations obtained from (46) and (47) in particular 
cases would be as follows, 


us) Bar) Bs) Ens): 


| 
Therefore 


Loto. 0720. 6 “40. 0° 020... Ne) 


- 2% 20...0"20.. of s,0% 0°020...0, 


| a Wr Wm (4) 7M (2) 
| (Zs) (Za) “5(E an) @ nti) 
| N (3)]* N ()\3 
+ 10(2 a ) |: 45 \( Ait) | 
l= - ° 


Therefore | 


Y420...0 = 420.0% 40...0°4020...0° & A5340...07440...0 


2 
+00 220.0 420...0+ A2io...0 **”30...0 4120...0 


2 2 
+A, 0° Asse ..0* 12A.9 oN a20...0° 


In my work, I actually make use of the following relations obtained 
from (47), with certain terms omitted, which vanish when each of 
the parent distributions is normal. 
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@ (Zvi)= (Zar). 
: N (2) (2) ef 
@ (Bas) (Ean yan) ] 
N (3) N (2)/N . 
(iii) rut) = (Za) (za. ts) (Za) / 
‘ , 
ofA i) Eaneas]- 
N 
vol Eas) Ean) [Baa] 
2 
i= dit) ; 
“slay Fleas). 
(vii) (Eve,) 105 é i A iti 
alfa)” ls sofa)” ] Earp[(Eas)] 
(witty (B, Vt. *210|(f ti) Taw] -20(, Ati)« x 
+4 


(as) ole) T [Eas Ean)” [Baa 


By substituting the expressions for the L’s given_in (46), into the 
right member of (45), a direct expression for the S,'s in terms 
of the moments of F is obtainéd, viz. 
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4 k! 4. 78 \Mk) 
Sak lk a ~ NK (z = ) e 


r kik)... ina * 


N 
omitting the parameters +; , and in which ( zy Le is given by 
t= 


(46). From relation (43) to this point, the theory follows exactly 
that given in the paper already cited. 

I shall next quote the final expressions A for some of the Sy A) 
obtained by C. C. Craig,’ in terms of the moments of F , for the 
case of one parent population, and then I shall write down the mod- 
ified expressions B , when two parent populations are involved. 


A. 1 300) =f | NM, ab 
2.3) -fafnyyn o* NINES no"NVio |. 


BL SM)® {raj +5V ain| 


2. 3, (v,)=4, mH alot %orant UL)Y%n ajo 906-4) 


olzn o|n,n 


+Z2rsv hin | -[r*Vi tot s*veint arsv, 
In the paper mentioned above, expressions were ‘also derived, using 
a method similar to the one already indicated, for the semi-invari- 
ants of the correlation function of two moments about the mean. 
I have made use of a modification of only one of these expressions 
as follows, 


1 Loc, Cit. p. 22. 
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| 
| 
| 
| 





GEORGE MIDDLETON BROWN 335 


4 2d 
A. 54M Vo) =a }N no N(NS)Yn9,0-N “n,0%,0f 
» 3,(v "ne v 1)v 
4am, “‘n/~ nya . menlot SYojman * M(t m,n|o 


+S(S-A)VY troy, +rsViin 


|m,n In 


olm ‘oln 


-|F Vino Valot s*V_,_v +73 Yqj%in*? Yn Yao) 


Here again, for the moments of the correlation function, I 
employ the “bar notation”, its meaning being exactly the same as 
in the case of the Akko Kel krat a the discussion regarding 
identical types of moments and their equality, corresponding also 
in every detail. Once more, zero subscripts are suppressed. 

It now becomes necessary to express the modified moments in 
the expressions DB , for particular values of m and n, in terms of 


the A of the correlation function F . 


To this end, I make use of the relations (48), in conjunction with 
the so-called “D, operator of Hammond”? which splits off a total 
integral part s , made up by addition from any or all of a permu- 
tation of integers. 

At this point also, it is necessary to modify somewhat the use 
of the D; operator, because of the “bar notation” used to designate 
the moments and the semi-invariants of the correlation function F , 
when two parent populations are being considered. In making up 
the total integral part ¢, split off from the permutation of integers 


1 MacMahon—Combinatorial Analysis, Vol. I, p. 27. 
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il Mince de 


re 4s” the parts split off from the set of 


r+i-” 


integers k,k,------ k, must be kept distinct from those parts 
which are split off from the set of integers k,.,4, kpy2,.. kay and 


this same rule applies also to the residual permutations from each 
of these two sets, after all the parts, with sum s have been finally 
split off. Hence, the use of the “bar notation” to effect this dis- 
tinction. To illustrate exactly what is meant here, suppose that I 


wish to express \/, in terms of A 
32 Ky? “Kp Keys Kres 


case, I shall use the relation (v) of the set of equations (48), and I 
shall merely consider the contribution made by the second term in 
the right member of (v) to the final expression for vi .* the other 
terms of (v) being treated in a similar manner. Now Vsl2 (omit- 


. In this 


ting a numerical factor) is the coefficient of ce in the left mem- © 


ber of (v). I therefore seek the corresponding coefficient of am 
in the second term of the right member of (Vv) this term being 


N 37N (2) 
tol i) (Ziti) . Using the modified form of the Ds oper- 
ator, we have 
D,D; (312) =(zlo)Ds(1\2)+(olz)D3(a}o)+ (4|1)D2(2|1) 


- 3(2\0)s1ool4)+(ol2)(s10)+3(sl1)(sho) (ols) 


Now, we are able to write down immediately the terms in 


a Joss lie which arise. They are 


2 3 2 
(49) A aloA stor ola Aoj2 A sor Oras rao A014 
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Ordinarily, the numerical coefficients in (49), will need to be mul- 


tiplied by an integral factor, obtained as follows. A term c tt may 


(s) 5) 
be chosen from the expansion of (z, a vyiti in a2 


general, in C ) ways. The numerical coefficient of the second term 





or 10 (in 


in the right caiiter of ( Vv) is also 10 (and in general, is, say C z): 

The required factor for the above example is unity (or, in general, 
C 

the quotient e . It should be noticed in addition, that the sum 


4 
of the coefficients in the final expression (49) should equal the 


numerical coefficient of the second term in the right member of ) : 
with which we started, and this is seen to be the case. 


\ As a check, one may observe, that if in the results which I 
obtain for S,(v,), Sup (Vpp.Mq)» the two normal parent populations 


are identified, then the results for a single normal parent population 
are obtained. Note that, to get the results as usually given for a 
single normal parent population, one would further have to set 


d= 6, =0 


calculating the corresponding results for a single normal parent 
population, without assuming that the first order semi-invariants 


of the type A - are equal to zero. 


O----OO 


S,(v,) % (rea 5 6, )+N (rei 56+ ' 


| 

I derived the following results, which have been checked by 
4 

24a) -& {300 2)(ragty 9,0, oN rath 029) 


9,(v)uds {| aNe{N(W-2Fse(2n-3){] 44] ano Nz) ans) [ef 
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+N“(rej+ 56) )+ON “Tr(N Nar) atu, +3(N 7 2N+5)6> 6, | 
+ |ONrs (2N-3)|4, 6,+0N"rs [42 6,44, “]} 

500-2) r(N22Ner)a?+3(N22N+s) 624 2rs[(ra26, + 5, 67) 
ellie Ut Whew tn 6.¢,)]| 
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-N(2N*10N16)] 6°] se r#(3N 742+ 20)-Ne(6N°30N+48) 
1N?(SN* 24N+32) ]43 + [5#(3N%42N+Z0)-Ns(6N230N-48) 
+N(5N=24N+32 | e |. 

54(\4)° 5 {ane(an*Z0N “ONT +38NT + AN2r*..28Ne% Tr get 
+ 3N%s(7N"20N*8N $'+38N'%5+4N's2-28Ns?+ 75?) 6" 6° 
' 2N‘rs|(saes, + rf, 6,)+ (re 6,+5%,6,)-2(s4s~, BS 
+ rae? fi) | +3N?r?s? | 7(4) 647 6¢ )-A(«, 6: 
+445 B,)* 12(6'%, Bt Bp) | HEN‘ (47a, 6447626. ) 


+12N"rs |(NEN*-252) a 6; p, +(N* N%s-2 r* dat 6 6,| 
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+N'5+8N* 29Ns%+43N%s - 21 N° a, a 6! | t0rs|i0 
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